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1. Introduction 



ALBERT MAS AND XAVIER TOLSA 

O ' 

Abstract. For 1 < n < d integers and p > 2, we prove that an n-dimensional Ahlfors- 
CU David regular measure p in R d is uniformly n-rectifiable if and only if the p-variation for 

the Riesz transform with respect to fj, is a bounded operator in L 2 (p). This result can 
be considered as a partial solution to a well known open problem posed by G. David and 
£Sj ' S. Semmes which relates the L 2 (p) boundedness of the Riesz transforms to the uniform 

rectifiability of p. 

< 

u 

In this paper we characterize the notion of uniform rectifiability in the sense of David and 
Semmes [DS2] in terms of the L 2 boundedness of the p-variation for the Riesz transform, 
with p > 2. 

Given 1 < n < d integers and a Borel measure [i in R , one defines the n-dimensional 
Riesz transform of a function / G L 1 ^) by R^f(x) = lim^o Ref{x) (whenever the limit 
exists), where 

= [ | X ~l +1 m dp{y), x e R d . 
O, J\x- y \>e \x - y\ n+L 

We will use the notation TZ^f(x) := {R^f(x)} e>0 . When d = 2 (i.e., /x is a Borel measure in 
C), one defines the Cauchy transform of / G ^(ji) by C^fix) = lim^oCefix) (whenever 
the limit exists), where 

C?f(x)= [ ^d»(y), zeC. 

J\x-y\>e X-y 



To avoid the problem of existence of the preceding limits, it is useful to consider the maximal 
operators R l tf{x) = sup e>0 \Rt f{x)\ and C*f(x) = sup e>0 \Cef(x)\. Notice that the Cauchy 
transform coincides with the 1-dimensional Riesz transform in M 2 modulo conjugation, since 
l/x = x/\x\ 2 for all x € C \ {0}. 

The Cauchy and Riesz transforms are two very important examples of singular integral 
operators with a Calderon-Zygmund kernel. Given d > 2, the kernels K : M. d \ {0} — > M that 
we consider in this paper satisfy 

(1) \ K (x)\<^-, \d x ,K(x)\< r ^— and <),../),. Ki.r) ■ 



X\' L ' ~ ' '' | ^ 1 7T.+ 1 \ x xJ V )\ — |,g|n+2 ' 

for all 1 < i, j < d and x = (x 1 , . . . , x d ) G M d \{0}, where 1 < n < d is some integer and C > 
is some constant; and moreover K{—x) = —K{x) for all x ^ (i.e. K is odd). Notice that 
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the n-dimensional Riesz transform corresponds to the vector kernel (x 1 , . . . ,x d )/\x\ n+1 , and 
the Cauchy transform to (a; 1 , —x 2 )/\x\ 2 (so, we may consider K to be any scalar component 
of these vector kernels). For / G L 1 ^) and x G M. d , we set 

T?f(x) = T e (//i)(x) := / K(x - y)f(y) d»(y), 

J\x—y\>e 

and we denote T^f{x) = {T?f(x)} e>0 . 

Definition 1.1 (p-variation and oscillation). Let F := {F £ } e> Q be a family of functions 
defined on M. d . Given p > 0, the ^-variation of F at x G M. d is defined by 

V p (F)(x) := snp ( £ \F £m+1 (x) - F^x)]" 

{e m } \ me x 

where the pointwise supremum is taken over all decreasing sequences {e m } me x C (0, oo). Fix 
a decreasing sequence {r m } rne z C (0, oo). The oscillation of F at x G U. d is defined by 

/ \ 1/2 

0(F)(x):= snp ( £ | F £m (x) - F Sm (x) | 2 , 

where the pointwise supremum is taken over all sequences {e m } m <=z and {5 m } m ^z such that 
r m+ i < e m < S m < r rn for all m G Z. 

The p-variation and oscillation for martingales and some families of operators have been 
studied in many recent papers on probability, ergodic theory, and harmonic analysis (see 
[Lp], [Bo], [JKRW], [CJRW1], [JSW], [LT], and [OSTTW], for example). In this paper we 
are interested in the p-variation and oscillation of the family T^f. That is, given a Borel 
measure fi in M. d and / G L 1 (/i) we will deal with 

(v„ o mm : = v p (T^f)( X ), (o o mm ■■= o^fm. 

We are specially interested in the case T M = W 1 . Notice, by the way, that T*f(x) < 
(V p o T^)f(x) for any compactly supported function / G L l (ii) and all x G R d . 

When fi coincides with the Lebesgue measure in the real line and K{x) = 1/x is the 
kernel of the Hilbert transform, Campbell, Jones, Reinhold and Wierdl [CJRW1] showed 
that V p o T M and O o T M are bounded in L p (/j,), for 1 < p < oo, and of weak type (1,1). This 
result was extended to other singular integral operators in higher dimensions in [CJRW2]. 
The case of the Cauchy transform and other odd C alder on- Zygmund operators on Lipschitz 
graphs was studied recently in [MT]. 

Let us turn our attention to uniform rectifiability now. Recall that a Borel measure fi in 
M. d is called n-rectifiable if there exists a countable family of n-dimensional C 1 submanifolds 
{Mj}j g pj in R d such that fi(E \ [J i6N Mj) = 0. Moreover, fi is said to be n-dimensional 
Ahlfors-David regular, or simply AD regular, if there exists some constant C > such that 
C~ l r n < fi(B(x,r)) < Cr n for all x G suppn and < r < diam(suppp). One also says 
that p is uniformly n-rectifiable if there exist 9, M > so that, for each x G suppp and 
r > 0, there is a Lipschitz mapping g from the n-dimensional ball B n (0, r) C W 1 into M. d 
such that Lip(g) < M and fi(B(x,r) n g(B n (0,r))) > 6r n , where Lip(^) stands for the 
Lipschitz constant of g. In particular, uniform rectifiability implies rectifiability. Given a set 
E C R d , we denote by T-Cj^ the n-dimensional Hausdorff measure restricted to E. Then E is 
called, respectively, n-rectifiable, AD regular, or uniformly n-rectifiable if T-L 1 ^ is so. By the 
Lebesgue differentiation theorem, any n-dimensional AD regular measure \i is of the form 
p = fHl l upp a with C^ 1 < f(x) < C for some constant C > and all x G suppp. 
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G. David and S. Semmes asked more than twenty years ago the following question, which 
is still open (see, for example, [Pa, Chapter 7]): 

Question 1.2. Is it true that an n- dimensional AD regular measure p is uniformly n- 
rectifiable if and only if R* is bounded in L 2 (p) ? 

Some comments are in order. By the results in [DS1], the "only if" implication of the 
question above is already known to hold. Also in [DS1], G. David and S. Semmes gave 
a positive answer to Question 1.2 if one replaces the L 2 boundedness of R* by the L 2 
boundedness of T* for a wide class of odd kernels K. In the case n = 1 (in particular, for 
the Cauchy transform), the "if" implication was proved by P. Mattila, M. Melnikov and J. 
Verdera in [MMV] using the notion of curvature of measures. Later on, G. David and J. C. 
Leger [Le] proved that the L 2 boundedness implies that p is rectifiable, even without the 
AD regularity assumption (with n = 1). 

When p is the n-dimensional Hausdorff measure on a set E C M. d such that p(E) < oo, 
the rectifiability of p is also related with the existence p-a.e. of the principal value of the 
Riesz transform of p, that is, the existence of R fJ, l(x) = lim^o Rel(x) for p-a.e. x € E. In 
[MPr], P. Mattila and D. Preiss proved that, under the additional assumption that 

(2) lim inf r~ n p(B(x,r)) > for p-a.e. x G E, 

r— >0 

the rectifiability of E is equivalent to the existence of R^l(x) p-a.e. x £ E. Later on, in 
[To3] X. Tolsa removed the assumption (2) and proved the result in full generality. Let us 
mention that, for the case n = 1 and d = 2 (that is, for the Cauchy transform), the analogous 
results had been obtained previously by [Ma2] under the assumption (2), and in [Tol], in 
full generality, by using the notion of curvature of measures. 
In this paper we prove the following: 

Theorem 1.3. Let 1 < n < d and p > 2. An n-dimensional AD regular Borel measure p in 
M. d is uniformly n-rectifiable if and only ifVpoTV 1 is a bounded operator in L 2 (p). Moreover, 
if p is n-uniformly rectifiable, then for any kernel K satisfying (1), the operator V p o T M is 
bounded in L 2 (p). 

Let us compare this result with the David-Semmes Question 1.2. Notice that the preceding 
theorem asserts that if we replace the L 2 (p) boundedness of Rt by the stronger assumption 
that V p o 7£ M is bounded in L 2 (p), then p must be uniformly rectifiable. On the other hand, 
the theorem claims that the variation for odd singular integral operators with any kernel 
satisfying (1), in particular for the n-dimensional Riesz transforms, is bounded in L 2 (jx). 

A natural question then arises. Given an arbitrary measure fi on M. d , without atoms 
say, does the L 2 (fi) boundedness of R* implies the L 2 {n) boundedness of V p o W 1 , for p > 
2? By the results of [MMV] and Theorem 1.3, this is true in the case n = 1 if p is AD 
regular 1-dimensional. Clearly, a positive answer in the general case n > 1 would solve the 
David-Semmes problem in the affirmative. Nevertheless, such an approach to try to solve 
this problem looks quite difficult. In fact, we recall that is not even known if the L 2 (p) 
boundedness of R* ensures the u-a.e. existence of the principal values of R^l, which is a 
necessary condition for the L 2 (p) boundedness of V p o TV 1 . 

Concerning the proof of Theorem 1.3, in our previous paper [MT] we showed that, if p 
stands for the n-dimensional Hausdorff-measure on an n-dimensional Lipschitz graph, then 
the /9-variation for Riesz transforms and odd C alder on- Zygmund operators with smooth 
truncations are bounded in L 2 (p). This is a fundamental step to prove that V p o W 1 and, 
more generally, V p o T M , are bounded in L 2 (p) if p is uniformly n-rectifiable. Another basic 
tool in our arguments is the geometric corona decomposition of uniformly rectifiable measures 
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introduced by David and Semmes in [DS1], which, roughly speaking, describes how supp(,u) 
can be approximated at different scales by n-dimensional Lipschitz graphs. 

The proof of the fact that the L 2 (p) boundedness of V p o TV" implies the uniform rectifia- 
bility of p is not so laborious as the one of the converse implication. As remarked above, if 
V p o TV 1 is bounded in L 2 (p), then the principal values of W\ exist /i-a.e., which implies the 
n-rectifiability of p, by the results of [MPr] or [To3]. However, this is not enough to ensure 
the uniform n-rectifiability of p. We will prove the uniform n-rectifiability by arguments 
partially inspired by some of the techniques in [To4]. 

Finally, let us remark that Theorem 1.3 follows from a more general result, namely The- 
orem 2.3 below, which also deals with the variation for Riesz transforms and odd Calderon- 
Zygmund operators with smooth truncations. 

As usual, in the paper the letter 'C stands for some constant which may change its value 
at different occurrences, and which quite often only depends on n and d. The notation A < B 
(A > B) means that there is some fixed constant C such that A < CB (A > CB), with C 
as above. Also, A « B is equivalent to A < B < A. 

2. Preliminaries 

2.1. The main theorem. 

Definition 2.1 (families of truncations). Let xs, '■= X[i,oo) an d ^ : [0, +oo) — > [0, +oo) 
be a non decreasing C 2 function with X[4,oo) — — X[i/4,oo)- Suppose moreover that \<p' R \ is 
bounded below away from zero in [1/3,3], i.e., X[i/3,3] < C|v?rI f or some C > 0. 
Given x G M. d , and < e < 5, we set 

Xe(x) := XR(\x\/e) and x{ ( x ) '■= Xe(x) - Xs(x), 
(p e (x) := ^iR(|x| 2 /e 2 ) and (p S e (x) := ip e (x) - (ps(x). 

Notice that, for any finite Borel measure n, T e /j,(x) = (K\e * n){ x )- Given x = (x l , . . . , x d ) G 
M. d , we denote x = (x 1 , . . . , x n , 0, . . . , 0) G M. d , and we set ^p e (x) := <p e (%) an ^ <Pe( x ) := V 9 ^^)- 
Finally, for / G L 1 ^) we set T^f = T{fii) :={T?f} e>0 , 

r^/(x) = r^(//x)(x) :={K<p € *n){x) and T£f = %{fn) := {T£J} e>0 , 
TgJ(x) = T;? e (fri(x):=(K<p e *ri(x) and 7|/ = T^ffJ.) := {TgJ} e>0 . 

Remark 2.2. In the definition, the choice of [4, oo), [1/4, oo), and [1/3,3] is not specially 
relevant, it is just for definiteness. One can replace the preceding intervals by other suitable 
intervals, and all the proofs in the paper remain almost the same. 

We will prove the following. 

Theorem 2.3 (Main Theorem). Let 1 < n < d be integers. Let fx be an n-dimensional AD 
regular Borel measure on M. d . The following are equivalent: 

(a) a is uniformly n-rectifiable. 

(b) For any K satisfying (1) and any p > 2, the operator V p o Tip is bounded in L p (p J ) 
for all 1 < p < oo, and from L 1 (n) into L 1,co (u). 

(c) For any K satisfying (1) and any p > 2, the operator V p o T M is bounded in L 2 (p). 

(d) For some p > 0, the operator V p o VJ 1 is bounded in L 2 (p). 

(e) For K(x) = x/\x\ n+l and some p > 0, the operator V p o T<p is bounded in L 2 (p). 
Clearly, Theorem 1.3 is a direct consequence of the preceding result. 
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Remark 2.4. Let {r m } mg ^ C (0,oo) be a fixed decreasing sequence denning O. Then, the 
implications (a) =>■ (6), . . . , (e) in the theorem above still hold if one replaces V p by O. If 
there exists C > such that C~ 1 r m < r m — r m+ i < Cr m for all m G Z, then the implications 
(5), . . . , (e) =>■ (a) also hold (so Theorem 2.3 remains true replacing V p by O), but we do not 
know if they are still true without this additional assumption (see Remark 6.9). 

Notice that, by Theorem 2.3, besides V p o W 1 and O o TZ^, the operators V p o Tip and 
OoTip for if (a;) = x/|x|™ +1 characterize completely the n-AD regular measures p, which are 
uniformly n-rectifiable. 

One of the main ingredients for the proof of Theorem 2.3 is the following result, which 
strengthens one of the endpoint estimates obtained in [MT]. Let M(M. d ) be the space of 
finite real Borel measures on M. d , with the norm induced by the variation of measures. 

Theorem 2.5. Let p > 2 and let p be the n- dimensional Hausdorff measure restricted to an 
n-dimensional Lipschitz graph. Then, V ' P °Tp is a bounded operator from M(R d ) to L 1 '°°(p). 
In particular, V p o Tp is of weak type (1,1). The bound of the norm of this operator only 
depends on n, d, K, p, ip$L, and the maximal slope ofT. 

By an n-dimensional Lipschitz graph T C M d we mean any translation and rotation of a 
set of the type {x G R d : x = (y,A(y)), y G W 1 }, where A : W 1 ->■ R d ~ n is some Lipschitz 
function with Lipschitz constant Lip(A), which coincides with the maximal slope of T. 

Remark 2.6. The theorem above remains valid if one replaces V p by O. Moreover, the 
norm of O o Tp is bounded independently of the sequence that defines O. 

The plan to prove Theorem 2.3 is the following: in Section 3 we deal with Theorem 2.5, 
which is used in the subsequent Section 4 to obtain the implication (a) =^ (b) of Theorem 
2.3. In Section 5 we prove (a) =^ (c) in Theorem 5.1, and in Section 6 we prove Theorem 
6.8, which gives (d) ==> (a) and (e) ==> (a), and finishes the proof of Theorem 2.3, taking 
into account that the implications (b) =>• (e) and (c) =>■ (d) are trivial. 

Theorems 2.3 and 2.5 are stated in terms of V p , but they also hold for O, as remarked 
above. However, we will only give the proof of these results for V p , because the case of O 
follows by very similar arguments and computations. 

2.2. Calderon-Zygmund decomposition for measures. Given a cube Q C IR d and 
a > 0, we denote by £(Q) the side length of Q and by aQ the cube concentric with Q 
with side length a£(Q). The cubes that we consider in this paper have sides parallel to the 
coordinate axes in M. d . 

A proof of the following result can be found in [To5, Chapter 2] or [M, Lemma 5.1.2]. 

Lemma 2.7 (Calderon-Zygmund decomposition). Assume that p := %rnB' w here T is an 
n-dimensional Lipschitz graph and B C W 1 is some fixed ball. For any v G M(M. d ) with 
compact support and any X > 2 d+1 ||i/||/||/i||, the following holds: 

(a) There exists a finite or countable collection of almost disjoint cubes {Qj}j C M. d (that 
is, Y^j XQ 3 < C) and a function f G L 1 (p) such that 



(3) 
(4) 
(5) 



\v\(Q J )>2- d - l \p{2Q ] ), 
HivQj) < 2- d - 1 Xp(2r i Q j ) for n > 2, 
v = fp: in R d \ \JjQj with \ f\ < A p-a.e. 
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(b) For each j, let Rj := 6Qj and denote Wj := XQj{YlkXQk) Then, there exists a 
family of functions {bj}j with supp&j C Rj and with constant sign satisfying 



(6) J bj d[i = J Wj dv, 

(7) \\bj\\ Loo ^n(Rj)<C\u\(Qj), and 

(8) ^ CoA (where Co is some absolute constant). 

2.3. Dyadic lattices. For the study of the uniformly rectifiable measures we will use the 
"dyadic cubes" built by G. David in [Da, Appendix 1] (see also [DS2, Chapter 3 of Part 
I]). These dyadic cubes are not true cubes, but they play this role with respect to a given 
n-dimenasional AD regular Borel measure /x, in a sense. To distinguish them from the usual 
cubes, we will call them [i-cubes. 

Let us explain which are the precise results and properties about the lattice of dyadic 
//-cubes. Given an n-dimensional AD regular Borel measure \i in M. d (for simplicity, we may 
assume diam(supp//) = oo), for each j G Z there exists a family Vj of Borel subsets of supp/i 
(the dyadic //-cubes of the j-th generation) such that: 

(a) each Vj is a partition of supp/i, i.e. supp/i = U<2ex> Q an< ^ Q H Q' = whenever 
Q,Q' G Vj and Q / Q'; 

(b) if Q G Vj and Q' G V k with k < j, then either Q C Q' or Q n Q' = 0; 

(c) for all j G Z and Q G we have 2~-? < diam(Q) < 2~-? and /x(Q) ps 2^' n ; 

(d) there exists C > such that, for all j £ Z, Q £ Pj, and < r < 1, 

/x({x G Q : dist(ar, supp/i \ Q) < t2 _j }) 

+ n({x G supp/i \ Q : dist(x, Q) < t2~ j '}) < Cr 1 /^'™. 

This property is usually called the small boundaries condition. From (9), it follows 
that there is a point zq G Q (the center of Q) such that dist(zQ, supp// \ Q) > 2 _J 
(see [DS2, Lemma 3.5 of Part I]). 

We denote V := Ujez^V For Q G Vj, we define the side length of Q as £(Q) = 2~K 
Notice that £{Q) < diam(Q) < £(Q). Actually it may happen that a //-cube Q belongs to 
Vj n Vk with j / A;. In this case, £{Q) is not well defined. However, this problem can be 
solved in many ways. For example, the reader may think that a /i-cube is not only a subset 
of supp/i, but a couple (Q,j), where Q is a subset of supp/i and j G Z is such that Q GVj. 

Given a > 1 and Q e D, we set aQ := {x G supp/i : dist(x,Q) < (a - l)^(Q)}. Observe 
that diam(aQ) < diam(Q) + 2(a - l)^(Q) < (2a - l)f(Q). 

2.4. Corona decomposition. Given an n-dimensional AD regular Borel measure /t on M. d , 
let V := {Q £ Vj : j G Z} be the dyadic lattice associated to /i introduced in Subsection 
2.3. Following [DS2, Definitions 3.13 and 3.19 of Part I], one says that /t admits a corona 
decomposition if, for each r] > and > 0, one can find a triple (/?,£?, Trs), where B and 

are two subsets of V (the "bad /i-cubes" and the "good /i-cubes") and Trs is a family of 
subsets S C Q (that we will call trees), which satisfy the following conditions:: 

(a) V = BUG and B n = 0. 

(6) ,6 satisfies a Carleson packing condition, i.e., X/QeB- QcR A*(Q) ^5 f° r au R £V. 

(c) = l+ls eTrs <S, i.e., any Q G £ belongs to only one 5 G Trs. 

(d) Each 5 G Trs is coherent. This means that each S 1 G Trs has a unique maximal 
element Qs which contains all other elements of S as subsets, that Q' G S as soon 
as Q' G P satisfies Q C Q' C Qs for some Q e S, and that if Q G S 1 then either all of 
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the children of Q lie in S or none of them do (if Q G Vj, the children of Q is defined 
as the collection of /i-cubes Q' G Vj + \ such that Q' C Q). 
(e) The maximal //-cubes Qs, for S 1 G TVs, satisfy a Carleson packing condition. That 

(/) For each S 1 G Trs, there exists an n-dimensional Lipschitz graph Y s with constant 
smaller than i] such that dist(x,r,s) < Odiam(Q) whenever x G 2Q and Q G S (one 
can replace "x G 2Q" by "x G C cor Q v for any constant C cor > 2 given in advance, 
by [DS2, Lemma 3.31 of Part I]). 

It is shown in [DS1] (see also [DS2]) that if fi is uniformly rectifiable then it admits a 
corona decomposition for all parameters k > 2 and n, > 0. Conversely, the existence of 
a corona decomposition for a single set of parameters k > 2 and rj, 9 > implies that fi is 
uniformly rectifiable. 

2.5. The a and f3 coefficients. Let fi be an n-dimensional AD regular Borel measure in 
R d and V as in Subsection 2.3. Given 1 < p < oo and a /U-cube Q eV, one sets (see [DS2]) 

where the infimum is taken over all ra-planes L in M. d . For p = oo one replaces the L p norm by 
the supremum norm. The /?oo,^ coefficients were first introduced by P. Jones in his celebrated 
work on rectifiability [Jn], while the /3 PlM 's for 1 < p < oo were introduced by G. David and 
S. Semmes in their pioneering work on uniform rectifiability (see [DS1] for example). 

Other coefficients that have been proved useful in the study of uniform rectifiability and 
boundedness of Calderon-Zygmund operators are the a coefficients introduced in [To4]. Let 
F C M. d be the closure of an open set. Given two finite Borel measures a, v on M. d , one 
sets disti?(o",zv) := sup{|J* f da — J f dv\ : Lip(/) < 1, supp/ C F}. Finally, given a /i-cube 

Q G V, consider the closed ball Bq := B(zQ,Q\fdl(Q)), where zq denotes the center of Q. 
Then one defines 

MQ) ■■= £(Qpi c f f L dist B Q (^ Ml), 

where the infimum is taken over all constants c > and all n-planes L in M. d . 

The following result characterizes the uniform rectifiability of fi in terms of the a and (3 
coefficients (see [DS1] for (a) ^=> (b) and [To4] for (a) (c)). 

Theorem 2.8. Let p G [1,2] and let fx be an n-dimensional AD regular Borel measure in 
M. d . The following are equivalent: 

(a) fi is uniformly n -rectifiable. 

(P) E Q eV:QcRPpAQ) 2 t(Q) n Z W for all fi-cubes ReV. 
(c) E Q ev-. QcR ^{Q?t{Q) n < i{RT for all /i-cubes R G V. 

For the case fi = %y f° r some Lipschitz graph r = {x G M. d : x = (y,A(y)), y G R ra }, 
one can take V = {Q x R d ~ n n T : Q G V(R n )}, where V(R n ) denotes the standard dyadic 
lattice of R n . For Q = (Q x R d ~ n ) n T G V, we set 

5fliQ) := i^y^ Ml dist 6QxR^(^' c ^2), 

where the infimum is taken over all constants c > and all n-planes L in M. d . Then, it is 
easy to show that a M (Q) ~ a^{Q) for all Q G V. 
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One can also define (3 Ptf i(Q) in an analogous manner. By Theorem 2.8, 

(10) Yl &AQ) 2 + MQ)MQT < a(R) n 

QeV:QcR 

for all R G T>, with C independent of R. Moreover, one can also show that this last inequality 
also holds replacing Q and R by k\Q and k 2 R for any k±,k 2 > 1 given in advance, where 
kQ ■= (kQ x R d ~ n ) n r for k > 0. 

3. IF T IS AN n-DIMENSIONAL LlPSCHITZ GRAPH, THEN 
V p o %p : M(R d ) ->• L 1 ' 0O (Hr) IS A BOUNDED OPERATOR 

The following result is contained in [MT, Theorem 1.1] (see also [M, Main Theorem 3.0.1]). 

Theorem 3.1. Let p > 2 and let p be the n- dimensional Hausdorff measure restricted to an 
n- dimensional Lipschitz graph. Then, the operator V p o T~ is bounded in L 2 (p). The bound 
of the norm only depends on n, d, K , p, ip^, and the slope of the graph. 

By very similar techniques to the ones used in the proof of the theorem above, one can 
prove the following. 

Theorem 3.2. Let p > 2 and let p be the n-dimensional Hausdorff measure restricted to an 
n-dimensional Lipschitz graph. Then, the operator V p o T$ is bounded in L 2 (p). The bound 
of the norm only depends on n, d, K , p, ip^, and the slope of the graph. 

Sketch of the proof. The first step consists in obtaining the following basic estimate: Fix 
a cube P C K n . Set T := {x G M d : x = (y,A(y)) z y G W 1 }, where A : R n ->• R d - fl is 
a Lipschitz function supported in P, and set P := (P x M d_ra ) n T. Set p := fH^, where 
f(x) = 1 for all x G V \ P and Cq 1 < f(x) < Cq for all x G P, for some constant Cq > 0. 
For each x G T, define 

(11) Wp(xf := Y, \(Kp 2 - m *p)(x) - (K^ 2 - m *p)(x)\ 2 . 

meZ 

and 

(12) Sp(x) 2 :=supY E \(K^ +1 *p)(x)\ 2 , 

i e ™} j£Z meZ:e m ,e m+1 eIj 

where Ij = [2^- 1 ,2-^) and the supremum is taken over all decreasing sequences of positive 
numbers {e m } me z- Then, we claim that 

(13) \\Wp\\ 2 L2M + \\Sp\\ 2 L2M <Y (MCiQf + frAQf YiQY, 

where C\ > only depends on Co, n, d, K, ip^, and Lip(A), and where V denotes the dyadic 
lattice associated to defined below Theorem 2.8. 

Let us prove the claim. If we define Sp like Sp but replacing <fe™ +l by <p[ ™ +1 , in the proof 
of Theorem 3.1 in [MT] it is shown that H^Hlia^) is bounded above by the right hand side 
of (13). The proof for HS'mII^/n is almost the same. 

Let us deal now with Wp. Fix D := (D x R d ~ n ) n T G V with t{D) = 2~ m and x G D. 
Let Ljj be an n-plane that minimizes a^(CiD), where C\ > is some constant big enough 
which will be fixed later, and let od '■= c dHl d be a minimizing measure for a^CiD). Let 
L X D be the n-plane parallel to Ld which contains x, and set a x D := cbK\ x ■ 
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Since x G D and 1(D) = 2~ m , ((p 2 -m (x — •) — y?2- m ( x ~~ '))K( X ~ ') ^ s a function supported 
in Ci-D x M. d ~ n (for some constant Ci big enough) and with Lipschitz constant smaller than 
C2 m ( n+1 \ Moreover, by the antisymmetry of the function (<p 2 -m(x— •) — tp 2 - m (x — '))K{x— •), 
and since erf, is a multiple of the n-dimensional Hausdorff measure on an n-plane which 
contains x, we have (K(p 2 - m * a D )(x) — (K(p 2 - m * a D )(x) = 0. Therefore, 

( K( P2~m * H)(X) ~ (Kfa-m * H){X) = (K(tp 2 -m ~ ftj-m ) * 

(14) „ _ 

= (K(ip 2 - m - lfi 2 -m) * (/x - <T£)))(ar) + (K(ip 2 - m - ip 2 -m) * (c7 D - 0£)))(z). 

Using the definition of 5 M , we get 

(15) \(K(<p 2 -m - $ 2 - m ) * (jjt - <t d ))(x)\ < 2 m ( n+1 )dist Ci5xRd _„(/i,a D ) < 5„(Ci£>). 
Since Lfj is a translation of L^, by standard estimates it is not hard to show that 

(16) \{K(<p 2 -m - <p 2 - m ) * {a D - a x D )){x)\ < 2 m dist(x,L D ) = dist(x, L D )/i{D). 

Let &\stu(E,F) denote the Hausdorff distance of two given sets E, F C R d , and set B D := 
6D x R d ~ n . If L X D and denote a minimizing n-plane for fi\^(D) and j3 2 ^(D), respectively, 
one can show that dist%(L.D n Bd, L l D n -Bd) ^ &n(D)£(D) and that dist^(L}j n -Bd, L 2 d n 
#d) < h,ti{D)l{D). This easily implies that dist(x,L D ) < dist(x,L|,) + p 2jll {D)i{D) + 
dtfi{D)t{D) for all x <E D. Applying this to (16), and using also (15) and (14), we obtain 



= X Yl / 1(^(^2— - fo-™) *^)(^)i 2 ^(^) 

m£Z DeV:l{D)=2- m D 

~Z X / (dist(x,L| ) )M J D) + ^( J D)+5 M (C 1 D)) 2 ^(x) 



which proves (13). 

Let now |U be as in Theorem 3.2. Using (13) and Theorem 3.1, one can show that there 
exists C > such that, for any cube D C W 1 and any g G L°°(ji) supported in D (where 
D := D x R d ~ n ), 



I ((V p o7^)5) 2 ^<C|| ff ||| 

JD 



(/■<) 



MOD). 



This yields the endpoint estimates V p oT£ : i? 1 ^) ->• L 1 ^) and V p o7^ : L°°(^) ->• BMO(fi), 
where H l {ix) denotes the atomic Hardy space related to fx. Then, by interpolation, one finally 
deduces that V p o T$ is bounded in L 2 (fi). Since this part of the proof is analogous to the 
one in the proof of Theorem 3.1 (see [MT, Theorem 1.1]), we omit it. □ 

3.1. Proof of Theorem 2.5. The proof of Theorem 2.5 uses the Calderon-Zygmund de- 
composition of Lemma 2.7 and rather standard arguments. Set fi := %rnB' wnere is some 
fixed ball B C M. d . Let v G M(R d ) be a finite Radon measure with compact support and 
A > 2 fl!+1 |H|/|| / u||. We will show that 

(17) n({x G R d : {V p o %)u{x) > A}) < j \\v\\, 
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where C > depends on n, d, K, p and T, but not on B. Let us check that this implies 
that V p o % is bounded from M(R d ) into L 1 '°°(^p). First, we show that (17) also holds for 
v without compact support. Set = Xb(o,n) v an d let No be such that supp/i C -6(0, No). 
Then it is not hard to show that, for x G supp/i, 

|(V, o 7>(z) - (V, o % )v N {x)\ < C \"W d N \mN)) t 

thus (V p o Tp)i'N(x) — > {V p o %p)v{x) for all x G supp/i, and since the estimate (17) holds by 
assumption for z/jv, letting N — > oo, we deduce that it also holds for v. Now, by increasing 
the size of the ball B and by monotone convergence, we deduce that %p({x G M d : (V p o 
T l p)v(x) > A}) < CA^ 1 ^!!, as desired. 

To prove (17) for v G M(R d ) with compact support, let {Qj}j be the almost disjoint 
family of cubes of Lemma 2.7, and set f2 := [jjQj and Rj := 6Qj. Then we can write 
v = g/i + f;,, with 

= XR d \fi l/ + X] 6 ^ and Ub = E u b := E ( w i v ~ ' 

3 j j 

where the functions bj satisfy (6), (7), (8) and Wj = XQjiZkXQk) 
By the subadditivity of V p o 7^, we have 

/.({*£ M d : (V,oT,Mi)>A}) 

</i({xGM d : (V p oT£)g(x)> \/2}) +f i({xeR d : (V, o T v H{x) > A/2}). 

Since V p o 7^ r is bounded in L (H^) by Theorem 3.2, it is easy to show that Vp o T^ 1 is 
bounded in L 2 (fi), with a bound independent of -B. Notice that \g\ < CX by (5) and (8). 
Then, using (7), 

p({xGR d : (V p oT^Mx)>A/2})<-i J \(V P o T^| 2 ^ < ^ | | 5 | 2 ^ 

(19) m^<^(h(^\^)+E / r nV) 

^(M(R d \n) + 5>l(<fc)) <M 



< 



Let n := U^Qj. By (3), we have < S A _1 £j M(<W < A_1 |MI- We 

are going to show now that 

(20) n({x £R d \n : (V p o %)v b {x) > A/2}) < j \\u\\, 

and then (17) is a direct consequence of (18), (19), (20) and the estimate /x(f2) < A _1 ||z/||. 
Since V p o Tp is sublinear, 

p({x el d \fi:(V p o T^)^(x) > A/2}) <\Y1 I ~( V p° T M d » 

(21) 

A JM. d \2Rj A ^ J2R j \2Q j 

We are going to estimate the two terms on the right of (21) separately. Let us start with 
the first one. Given j and x G supp/U \ 2i? j 5 let {e m } me z be a decreasing sequence of positive 
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(22) 



{v P o%y b { X ) <2(Y J 



If we set 4 := pr* -1 , 2"*), we can decompose Z = 5u£, where 

£ := {m G Z : e m G 4, e m+ i G 4 for i > fc}, 
S := IJ <S fc , 5 fc := {m G Z : e m , e m+i G 4}. 

Let Zj denote the center of Qj (and of Then, since v 3 b (Rj) = and suppz/^ C 



(23) 



<p e e™ +1 ( x - y) K ( x - y) di 4(y) 



< 



J \<pZ+i( x - y) R ( x -y)~ rtz + i( x - z j) r ( x ~ z j)\ d H\(y)- 



If m G £, it is easy to see that |V(<^ +1 K)(t)| < \V(ip £m+1 K)(t)\ + \V(ip em K)(t)\ < 
£ or a n t £ R d \ {0}. Moreover, since x G R d \ 2Rj and suppfj? C there are 
finitely many m G C (which depends only on n and d) such that (Kipl™ * v b ){x) / 0, 
and this number only depends on n and d. On the other hand, if m G <Sfc, it is not hard to 
show that |V(</^™ < 2 fc |e m - e m+ i||i| _n_1 . Actually, this follows from the fact that 

(ip e e m K)(t) / only if \t\ ps 2 _fc and the estimates 



(24) 



e m +i 



< 



1+1 fH! em+1 < 2 fe le 

>H z l fc m 

e m£m+l 



Cm+l| 



e m+l €m 



and 



(25) 



< 



< 



— ) — 

^m / 
1*1 ' 
Cm 



1 



+ 



1 

Cm 



(— ) 

\ e m+l/ £m+l 
1 



Cm+1 
Itl 



+ 



Cm 
Cm+1 



Cm+1 



Cm+1 



Cm+1 / CmCm+1 



< 2 fe (e m - e m+ i)|£| 1 , 



where 1 < i < d and i* denotes the z'th coordinate of t G M d (recall that e m « e m +i ~ 2 fe 
for m G 5fc and we assumed |i| « 2~ fe ). Similarly to the case m G £, there are finitely many 
k G Z such that supp^-ib-i — •) n Rj / 0, and the number only depends on n and d (notice 
that supp^™ +1 (x — ■) C suppy>2-fc-i (x — •) for all m G Sk). 
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From these estimates and remarks, and (22), (23), we obtain 

(v, o r v y b ( X ) < E E K^: +1 * ^x*)i + E K^: +1 * ^x*)i 

< e E 2fc i e -- e ^\\ x - ^r-'wHw 

+ E I s - ^r^woiKH < i* - ^r-^oKii 

me£: supp<^™ +1 (x— )nRj^0 

for all j and x G supp^ \ 2Rj. Therefore, using that n has n-dimensional growth, that 
11^6 II ~ I^KQj)) an d that the Qj's are semidisjoint, 

(26) E/ (v,or v K'dM<£WK'll / k-^r B-1 ^<EKH^H- 

Let us now estimate the second term on the right hand side of (21). As above, given j 
and x G 2Rj \ 2Qj, let {e m } mg ^ be a decreasing sequence of positive numbers such that 

{V p o%){ Wj u){x) <2 E K*V£ + i * K""))0»0I' 

where w;j = XQj(SfeXQ fc ) Since /? > 2, V p o 7^ is sublinear, and since v ] b = WjV — bjfi, 
for x G 2i?j \ 2Qj we have 

(V p o %y b \x) < (V p o %){w jV ){x) + (V p o T){b^)(x) 

< 2 E * (wju))(x)\ + (V, o T£)bj(x) 

<\v\{Q 3 )\x- z 3 \- n + {V p oT»)b J {x). 
Since V p o Tip is bounded in L 2 (/u), using the estimate above and Cauchy-Schwarz we get 



E/ (Vp°T,K^<E/ + (VpoT^- 

„■ J2R j \2Q j ■ J2R j \2Q j \ x - z j\ ■ J2R j \2Q j 



d/j, 



S E IH^)f|^ + E IICVp o 7^)6 J || L2(M) M2^) 1 ^ 

< E M(<w + E iiml~mM^) < E M(Gi) ~ h- 

Together with (26) and (21), this proves (20), and Theorem 2.5 follows. 

4. IF jl IS A UNIFORMLY n-RECTIFIABLE MEASURE, THEN 
V p o Tp : £ P (/i) ->■ L p (fi) IS A BOUNDED OPERATOR FOR 1 < p < OO 

The purpose of this section consists in proving the following theorem and the subsequent 
corollary. 

Theorem 4.1. Let [i be an n-dimensional AD regular Borel measure in M. d and let p > 2. 
Assume that there exist constants Co and C\ such that, for each ball B centered on suppu, 
there is a set F = Fb such that: 

(a) fi(FnB) > C of i(B), 
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(b) V p o T,p is bounded from M(R d ) to L 1,00 (H F ) with constant bounded by C\. 

Then VpoT^ is bounded from M(R d ) to L^°°(p), and V p oT£ is a bounded operator in L p (p) 
for all 1 < p < oo. 

Corollary 4.2. If p is an n-dimensional AD regular uniformly n-rectifiable measure, then 
Vp o is a bounded operator in L p (p) for all 1 < p < oo and p > 2. Moreover, the operator 
Vp %> is bounded from M(R d ) to L 1,OD (p), so V p o Tip is also of weak type (1, 1). 

Proof. Recall from [DS2, Definition 1.26] that a Borel measure v in M, d has BPLG {big 
pieces of Lipschitz graphs) if v is n-dimensional AD regular and if there exist constants 
C\ > and 6 > such that, for any x G suppi/ and < r < diam(supp^), there is (a 
rotation and translation of) an n-dimensional Lipschitz graph T with constant less than C\ 
such that v(F n B(x,r)) > 9r n . Thus, if v has BPLG, the assumption (a) of Theorem 4.1 
is satisfied for v by taking F = T, while Theorem 2.5 implies that the assumption (b) holds 
with a uniform constant. Therefore, from Theorem 4.1 we deduce that, if v has BPLG and 
p > 2, then V p o 7^ is bounded from M(R d ) to L 1 '°°(i/). 

Similarly, a measure ^ has (BP) 2 LG (big pieces of big pieces of Lipschitz graphs) if there 
exist constants C g , 6, and < a < 1 so that, if B is any ball centered on suppi/, then 
there is an n-dimensional AD regular set F C M. d (with constant bounded by C g ) such that 
v(F n B) > av(B) and such that Tip has BPLG with uniform constants. So Vp o 7^ is a 
bounded operator from M(M. d ) to L 1,00 (T-L F ), by the comments above. Hence, we can apply 
once again Theorem 4.1 to v (now (b) is satisfied for the big pieces F of u), and we deduce 
that, for any measure v which has (BP) 2 LG, V p o % is bounded from M(R d ) to L 1,0O (^). 
Similar arguments yield that V p o 7^ is a bounded operator in L p (v) for all 1 < p < oo. 

Finally, from [DS2, page 22] and the remark given in [DS2, page 16], we know that if 
p is n-dimensional AD regular, then being uniformly n-rectifiable is equivalent to having 
(BP) 2 LG. Therefore, the corollary is proved by applying the comments above to v = p. □ 

Since the arguments for proving Theorem 4.1 are more or less standard in Calderon- 
Zygmund theory, for the sake of shortness we will only sketch its proof (see [To5, Chapter 
2] or [DS2, Proposition 1.28 of Part I] for a similar argument). 

Sketch of the proof of Theorem 4.1. The proof follows by the so-called good A inequal- 
ity method. Fix p > 2 and let M M denote the Hardy-Littlewood maximal operator 

\v\(B(x r)) 

M^V(x) := sup 1 ; ' // , for v € M(R d ) and x G supp^. 
r>0 p(B(x,r)) 

The good A inequality: one shows that there exists some absolute constant rj > such that 
for all e > there exists 5 := 5(e) > such that 

p({x e R d : (V p o %)v(x) > (1 + e)A, M"i/(x) < SX}) 

< (1 - n)p({x G R d : (V p o %)v(x) > A}) 

for all A > and v G M(R d ). It is easy to check that this implies that V p o is bounded 
from M(R d ) to L 1 ' ao (p), and that Vpo7^ is bounded in D>(p) for all 1 < p < oo, by standard 
arguments (recall that M M is bounded in these spaces). 

The proof of (27) is quite standard. The interested reader may look at [M, Theorem 5.2.1] 
for the detailed proof, or to [To5, Chapter 2] for similar arguments. The only point that 
we should mention is that, in order to pursue the good A inequality method, one needs the 
following estimate: let v G M(R d ), consider a ball B C R d and take x,z G B. Then, 

(28) \{V p o%)(x^\2B^)-{V P o%){x^\2B^)\ <M^(x). 
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We finish the sketch of the proof of Theorem 4.1 by showing (28). Since x,z G B and V p o T v 
is sublinear and positive, by the mean value theorem, 

\{Vp %){XRd\ 2B v){x) - (V p O 7^)(XRd\2B^)(^)| 

< SUP ( \( K< P e eZ+l * (XR1\2BV)){X) ~ (KflZ+l * (XR*\2B")){z)\ f 

<sup(j2 ( [ |V(^ +1 ^)K z (y)-y)||x-z|(i|H(y) XP " 



(29) 



where B m (x,z) := (R d \ 2B) n (supp<^™ +1 (a: - •) U supp^™ +1 (z - •)) and u XjZ (y) is some 
point lying on the segment joining x and z. For each x and z, let e m = e m (x, z) be a sequence 
that realizes the supremum in the right hand side of (29). Given e m > 0, let j(e m ) denote 
the integer such that e m G [2~^ e ^ 1 , 2^™)). For jeZ set Ij := p - -*' -1 , 2 - ^). As usual, 
we decompose Z = 5u£, where 

£ := {m G Z : e m G Jj, e m+i G ij for i < j}. 

Notice that if 2~ J+2 < r(B), where r(B) denotes the radius of B, then B m (x.z) = for 
all m G Sj. Therefore, we can assume that j < log 2 (4/r(i?)). If m G 5j, then B m (x,z) C 
B(x,2^+ 3 ), and for t G supp(<^ +1 K) we have that \V(<p € ™ +1 K)(t)\ < 2^+ 2 )|e m - e m+1 | 
(see (24) and (25)). If m G £, we easily have |V(^™ < |i| _n_1 . Therefore, using 

(29), that p > 2, that the sets B m (x, z) have bounded overlap for m G £, and that |x — z| < 
r(B), we get 

|(V p or^)(XRd\2B^)(^) - {Vp°%){XK.d\ 2B v){z)\ 

< Y, E k-^|2 j(n+2) |6 m -6 m+1 | f d\u\{y) 
j<log 2 (4/r(B)) meS, • 7s ( ;c ' 2 3+3 ) 

+ 1*-*! E / k-2/r n_1 ^kl(y) 

r J B m (x,z) 



eC J B m (x,z) 

dW\(y) 



< Y, r(B)2^ [ d\u\{y) + r{B) [ 

- ~£/r(B)) JB<x,2-i+*) J**\2B & - V\ n+1 

e ^ B tT^)) Lx2-^ dH{y) 

; 2 (4/r(B)) rV " " 



j<loga(4/r(B)) 

< 

j<loga(4/r(B)) PV V " ^t^' 2 } 

<*M(*/) 



^ y 2 fc + 2 r(B)>|x-j/|>2 fe - 1 r(B) l x ~ 
9-fc 



< M^uix) + V" - / 

1 j + ^ M (B(x, 2*+M*i))) J B[x ^ r{B)) 



□ 



Remark 4.3. Notice that, to prove (28), it is a key fact that we are considering smooth 
truncations (given by <pm) in the definition of T v . These computations are no longer valid if 
one replaces T v by T ■ 
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5. IF fi IS A UNIFORMLY n-RECTIFIABLE MEASURE, THEN 
V p o T M : L 2 (p) ->■ L 2 (fl) IS A BOUNDED OPERATOR 

This section is devoted to the proof of the following result. 

Theorem 5.1. Let p > 2 and let [i be an n- dimensional AD regular Borel measure on W 1 . 
If n is uniformly n-rectifiable, then V p o J 74 is a bounded operator in L 2 (n). 

5.1. Short and long variation. Given j G Z, set Ij := [2 - -? -1 , 2 _J ). Then, using the 
triangle inequality, we can split the variation operator into the so-called short variation and 
long variation operators, i.e., (V p o T^)f(x) < (Vp o T^)f(x) + (Vp o T^)f(x), where 

(v s p oTnf(x) 

(30) 

(V p £ o») 

and, in both cases, the pointwise supremum is taken over all the sequences of positive numbers 
{fm}mez decreasing to zero. To prove Theorem 5.1 we will show that both the short and 
long variation operators are bounded in L 2 (fi). 

5.2. L 2 (fi) boundedness of Vfo-p 4 . TheL 2 (^) -norm of the long variation operator Vp~oT^ 
can be handled by comparing it with its smoothed version V p o Tip, using Corollary 4.2, and 
estimating the error terms by the short variation operator. 

Lemma 5.2. We have ||(V£ o T»)f\\v>M £ W^p T^fh^) + Wfh^y 
Proof. We decompose 

((v p £ o r")/(x))" = sup Yl K^: +1 * (/M))o*or 

for some j<fe 

< sup Yl - * u»)(*)i p + * (fv))(x)\ p ) 

(31) m eZ: 

for some j<fe 

< sup £ i(^(x£ +1 - * + ((v p o 7^)/(*)r. 

for some j<fc 

For simplicity, we denote by ((Vp o T p _ ip )f(x)Y the first term on the right hand side of (31). 
Notice that, given e,S > 0, we have xt ~ = (Xe ~ <Pe) ~~ (xs ~ <Ps)- Recall that, in the 
definition of (p^_ in Definition 2.1, we have taken X[4,oo) ^ Vir < X[i/4,oo)- Hence, given t > 0, 

/•4 /<4 

Xffi(i) - = X[l,oo)(*) - / </4( s )X[ S ,oo)W ds= ¥>r(s)(X[1,oo)(*) - X[«,oo)(*)) ds 

Jl/A J 1/4 



/ \ 1/p 

: =^p E E i(^: +1 *(/^))wr) , 

:=sup( £ \(KxZ + i*(fv))W\ P ) 

Urn} \ mcT . t . 



for some j<k 
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(that is, xr — fR is a convex combination of X[i,oo) ~~ X[s,oo) f° r 1/4 < s < 4), and thus, by 
Fubini's theorem, 

(K( X e - ¥> e ) * (//x))(x) = J ( X r(\x - y\ 2 /e 2 ) - <p R (\x - y\ 2 /e 2 ))K(x - y)f(y) dfi(y) 
= J 14 ^ s "> J (x[i,oo)(|z-y| 2 /e 2 ) -X[s,oc){\x-y\ 2 /e 2 )^K(x-y)f(y)dfi(y) ds 
= f [ xt V7s (x-y)K(x-y)f(y)d^y)ds= f ^{s){{K X e /~ s * (fn))(x)) ds. 

Jl/4 J Jl/4 



Therefore, by the triangle inequality and Minkowski's integral inequality, we get 



II(v^ot;%)/ii l2m <2 ; 



< 2 



1/4 



sup ( ^|(i^(x em -^J*(//x))(x)r) 

sup ( ^K^^^jwr) 1 ' 



VP 



L2( M ) 

L2( M ) 



One can easily verify that sup {eme/m:mez} ( E me z l(^^*(/^))(x)|^) 1/p < {V s p oT»)f{x) 
for all s G [1/4,4] with uniform bounds. Hence 



(32) ||(V p £ or x %)/|| i2(M) < f ^{s)\\{V s p oT»)f\\ L . {tl) ds< \\(yf oT»)f\\v>M. 

Jl/4 



Finally, using (31), (32), and Corollary 4.2, 

ll(v p £ o rnfWm,) < ll(v p £ o r x %)/|| i2(p) + ||(v p o T^f\\ L ^ 
<ll(v p 5 or^)/|| L2(/l) + ||/|| L2(/l) . 



□ 



Thus, to prove Theorem 5.1, it only remains to show the L 2 (jx) boundedness of V p o T M . 

5.3. L 2 (fi) boundedness of V p o T M . Given / G L 2 (fi) and x G suppp, let {e m } m< =z be a 
decreasing sequence of positive numbers (depending on x) such that 

((vf o mf(x)) 2 < 2 e E k^: +1 * o»)(*)i 2 - 

Given D £ Vj and x £ D, we set <S_d(x) := { m £ ^ : e m, e m +i £ ^j}- Since p > 2, we have 

IKv^or^/iil.^ < ||(v 2 5 or^)/||i 2(p) <|E E K^: +1 *(/m))WI 2 W 

= E / E i(^: +1 *(/^))wi 2 w- 

DeV jD meS D (x) 

Let ry and # be two positive numbers that will be fixed below (see the proofs of Claims 5.4 
and 5.5). Consider a corona decomposition of jjl with parameters 77 and 6 as in Subsection 
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2.4. Then, we can decompose T> = B U (UseTrs so that 

iiof^/i&ooSE / E i(«: +1 *(/^))wi 2 ^) 

+ E E / E I(«- +1 *(/^))(X)| 2 ^)- 

Since the //-cubes in £> satisfy a Carleson packing condition, we can use Carleson's em- 
bedding theorem to estimate the sum on the right hand side of (33) over the //-cubes in B. 
More precisely, if we set m^f := fi(D)~ l f D f d/j, for D £ V, we have 



E / E \(K X Z +1 *(fn))(x)\ 2 dn(x) 



* E / {jnyyl [ \f\d») 2 d^ E KdI/I) < 



DeB" u m£S D (x) 

(34) <E/ E (/ |^(x-y)||/(y)|dMy)) 2 ^ 

flee^meSoW \-'e m+ i<|x-y|<e m / 

2 

Il2( m )- 

D&B JU J0U / D£B 

Now we are going to estimate now the second term on the right hand side of (33), that 
is the sum over the //-cubes in S, for all S G Trs. To this end, we need to introduce some 
notation. Given R £ Vj for some j £ Z, let P(R) denote the //-cube in Pj-i which contains 
R (the parent of R) , and set 

Ch(R) := {Q G : Q C i?}, 

^ ' V(R) := {QeVj-. Qn B(y, 1{R)) / for some y £ R} 

(Ch(R) are the children of R, and F(i?) stands for the vicinity of i?). Notice that P(R) is 
a //-cube but Ch(i?) and T^(-R) are collections of //-cubes. It is not hard to show that the 
number of //-cubes in Ch(i?) and V(R) is bounded by some constant depending only on n 
and the AD regularity constant of //. If R G S for some S G Trs, we denote by Tr(i?) the 
set of //-cubes Q G S such that Q C R (the tree of -R). Otherwise, i.e., if R G 23, we set 
Tr(i?) := 0. Finally, if Tr(i?) / 0, let Stp(i?) denote the set of //-cubes Q G B U (Q \ Tr(R)) 
such that Q C R and -P(Q) G Tr(i?) (the stopping //-cubes relative to R), so actually Q C i?. 
On the other hand, if i? G 23, we set Stp(i?) := {R}. 

Fix S" G Trs, D £ S, and x £ D. To deal with the second term on the right hand side 
of (33), we have to estimate the sum Yl m eS D (x) \(K-Xl™+i * (// u ))( x )l 2 - By the definition of 
5d(x), we have 

(36) £ |(^ :+i *(//,))(x)| 2 = £ |(i^ :+1 ^///))(*)| 2 , 

where D := URgy(D) ^- Since this union of //-cubes is disjoint, we can decompose the 
function Xf,f using a Haar basis adapted to V in the following manner: 

(37) X 5 f= E («f)XR+ E A Qf+ E 

KeV(D) v QeTr(i?) gestp(R) 7 

where we have set 

A /:= E Xc/«/-^/), and Aq/:= £ X[/ (/ - m£/) = Xo (/ - m£/). 
c/eCh(Q) c/eCh(Q) 
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Using (37), we split the left hand side of (36) as follows: 

E i(^: +1 *(//i))(x)i 2 < E E (^: +1 * «m£/w)x*) 

(38) + E EE (*X&H * (A /M))(= 

meS D (i) -ReV(D) QgTt(R) 

+ E E E * (Ag/ M ))(x) 

In the following subsections, we will estimate each part separately. 

5.3.1. Estimate of EmeS D (x) I E R eV(D) E Q eMR)(KxZ +1 * (A Q /^))(x)| 2 from (38). 
Lemma 5.3. Under the notation above, we have 



E E/ E EE («: +1 *(A Q i>)x*) 



SeTrs D£S J u meS D (x) R£V(D) Q6Tr(_R) 



dfi(x) 



< 



Proof. Let Co > be a small constant to be fixed below. Given m G Sd{x) set An(^) := 
yl(x, e m+ i, e m ), and given i? G U(Z?) let 



:= {Q G Tr(R) : Q n ^(x) + 0, *(Q) > C (e m - e m+1 )}, 
4* := {Q G Tr(i?) : Q n A m (x) / 0, £(Q) < C (e m - e m+1 )}. 



For Q G jk R , we write |(^ +1 * (A Q f^))(x)\ < £(D)- n \\xA m (x)A Q f\\ L i w . The following 
claim will be proved in Subsection 5.3.2 below. 

Claim 5.4. The following estimate holds: V nc r i, R HQ) 71 - 1 ! 2 < t(D) n ~ x l 2 . 

Using that V(D) has finitely many elements (depending only on n and the AD regularity 
constant of fi), Cauchy-Schwarz inequality, Claim 5.4, and the previous estimate, we obtain 

E E E * (Ag/Aijx*) 

meS D (x) ReV(D) QeJ uR 

£ E E ( E m- n \\xA m{x) A Q f\\ L ^\ 

ReV(D) m<=Sr,(x) V n c ' 



ReV(D) m£S D (x) V Q eJ) 



(39) 



< 



\XA m (x)A Q f\\ 2 L i 



00 



^ E ( E /!( - ] " ' 2 ) ( E aI ) ) 2» a0 w 1 -J./2 

ReV(D) mes D (x) v QG j^ 7 V QGJ^ V ; W; 

XA m (:r)AQ/|| 2 : i ( ^ ) 



s E E E 

RGV(D) meS D (x) QeTr(R) V 7 WJ 



< 



E E 

i?SV(D) QeTr(i?) 



/£(Q)y/ 2 HA Q /||j 1(At) 
£(D)H{Q) n ' 
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2 R c 

We deal now with the /U-cubes Q £ Jnl ■ Let zq denote the center of Q. Since J Aq/ dfj, = 
0, we can decompose 

(KxZ+i*( A Qfv))(x) = j (xA m (x){y)K{x - y)-XA m (x)(z Q )K(x - z Q ))A Q f{y) dfi(y) 
^ = J XA m {x) (y) (K(x -y)- K(x - z Q )) A Q f(y) dfi(y) 



+ 



/ [XA m {z Q ))K{x-z Q )A Q f(y)d^{y) 



=:T^(A Q f)(x) + T^(A Q f)(x). 
For the first term on the right hand side of the last equality, we have the standard estimate 

2 R 

(by assuming Co small enough, so any Q G Jnl is far from x) 

\T^(A Q f)(x)\ < i-^L |Ag/(y)| d M (y) < j^\\XA m{x ^ Q fh W - 

From this estimate and Cauchy-Schwarz inequality, we obtain 
E E E T^(A Q f)(x) 2 

m &S D {x) R&V{D) Qe j^R 



E E ( E Jmn+i \\XA m{x) A Q f\\ L , itM) ) 

=V(D) meS D (x) V Qgj^« V ' 7 

E ( E 



ReV(D) QeTr(R) v ' meScfi) 

^ V ^ i(D) n + l \ ^ e(Q) n - 1 e(D) n 

RGV(D) QeTr(R) y ' 7 QeTr(R) V ; 



Since = for all R G we have E 0G T r (K) (§§) n+1 < E Q ev-.QcR ~ 

1. Thus, using that t < v 7 * for all t < 1, we conclude 



(41) E E E T ni^Qf)^) < E E 

m65 D (x) ileV(D) QeJ ^« i?eV(D) QeTr(i?) 



^(Q)V /2 ll A Q/lli^) 
V(C)J t{Q)H{D)»' 



2 

We deal now with the second term on the right hand side of (40). Given Q G Jnl , 
since supp(A Q /) C Q, if Q C A m (x) or Q C (v4 m (x)) c then we obviously have XA m (x)(y) ~ 
XA m {x){ z Q) = f° r an y £ su PP(Aq/). Therefore, to estimate the sum of X^' m (Aq/)(x) over 
all Q G Jm R , we can replace Jnl R by 

Jlf := {Q G Tr(i?) : Q n A m (x) ^ 0, Q n (A m (x)) c / 0, *(Q) < C (e m - e m+1 )}. 
For m G <Sd(o;) and Q G Jm^, we will use the estimate |Tto' m (Aq/)(x)| < £(D)~ n \\AQf\\ L i^y 
Claim 5.5. TTie following holds: Y, Qe £(Q) n ~ 1/2 < £(-D) n-1 (e m - e m+ i) l/2 . 
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Hence, using that V(D) has finitely many terms, Cauchy-Schwarz inequality, assuming 
Claim 5.5 (see Subsection 5.3.2), and by the previous estimate, we deduce 

E E E ' s E E ( E t§^) 2 

meS D (x) ReV(D) Q ej2,R ReV(D) mdS D {x) V Q(L fhR V > J 

i(Q) n - l ' 2 \ ( v i{Qfl 2 - n 



- E E ( E Wn)n-l/2 ) ( E I|Aq/|| 

flev(D) m£ 5 D (x) v QeJ ^ v ; 7 V QeJ; 



< 



EV- /fm-fm+l \ ^ 2 tjQ) 1 / 2 " ||A ,,,2 

s E E w^nW) E pTnrr 1 • 

ReVp) QeTr(R) v ; me5 D (a;):A m (a:)nQ^0, V V ' ' 

e(Q)<C (e m -e m+1 ) 



(t(Q)\^ \\^Qf\\h W 

\e{D)J e(Q)H{D) n ' 



The sum over m on the right hand side of the last inequality can be easily bounded by some 
constant depending on Co, thus we finally obtain 

I 2 _ /otn\\ i/2|IA^f|i2 

(42) ZEE T^(A Q f)( X ) < E E 

meS D {x) 1 ReV(D) QeJ ^ R ReV(D) QeTr(R) 

Finally, combining (39), (40), (41), and (42), we conclude 

(43) E E EifOiww'sE E(§i) V2 ^lf 

mdS D {x) i?eV(D) QeTr(R) DM/jmn^/oA V 7/ 



ReV(D) QeTr(fl) 

Since || Aq/|| l i( m ) < || Aq/|| L 2( A4 )£((5)™ //2 by Holder's inequality, since V(D) has finitely many 
terms, and since £(R) = £{D) for all R G V(D), we get 

2 



E E/ E EE * (a q //x))(x) 



SeTrs DeS " " meS D (x) ReV(D) QeTr(_R) 

V V 



dfi(x) 

SeTrs DeS ReV(D) QeTr(i?) 



s E E E E (ttfPi i^ff 



L 2 M 

1/2 



s E E E E (f§) ii^/iilw 

SeTrs QeS ReT>: RdQ DeV(R) v v ;/ 

<EE < E \\ A Qf\\h( P) < \\f\\Wv 

SeTrs QeS Qev 
To complete the proof of Lemma 5.3, it only remains to show Claims 5.4 and 5.5. □ 

5.3.2. Proof of Claims 5.4 and 5.5. First of all, we need an auxiliary result whose easy 
proof is left for the reader. 

Lemma 5.6. Let T := {x € M. d : x = (y, A(y)), y G W 1 } be the graph of a Lipschitz function 
A : W 1 -»• R d ~ n such that Lip(A) is small enough. Then, H£(A d (z, a,b)) < (b - a)^ 1 for 
all < a < b and z £ T. 
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Remark 5.7. Actually, to obtain the conclusion of the lemma, one only needs Lip(A) < 1 
(see [M, Lemma 4.1.9]). Let us mention that this assumption is sharp in the sense that if 
Lip(A) > 1 then the lemma fails. However, we do not need this stronger version for our 
purposes. 

Claims 5.4 and 5.5 follow from the next lemma, which will be proved using Lemma 5.6. 

Lemma 5.8. Let Co > be some constant depending only on n, d, and the AD regularity 
constant of fi, and consider x G D G Vj for some j G Z. Let e G [2~ j ~ 1 , 2~i). Given k> j 
and R G V(D), set 

A k := {Q G Tr(R) n V k : Q C A(x, e - C 2~ k , e + C 2~ k )}. 

Then, a( U QeAfc Q) < 2~ k e(D) n - 1 « 2~ k ~^) . 

Proof. First of all, we can assume k 3> j (otherwise, the claim follows easily using the AD 
regularity of fi), thus we may assume that dist(x, Q)>\e. For simplicity, set S = Tr(R). By 
the property (/) of the corona decomposition of fi, there exists a (rotation and translation of 
an) n-dimensional Lipschitz graph T$ with Lip(r^) < n such that dist(y, Ts) < 9di&m(Q) 
whenever y G C cor Q and Q G S, for some given constant C cor > 2. Since x G D and 
R G V(D), we have x G C cor Q assuming C cor big enough, and so dist(a;, Ts) < #diam(C/). 
Hence, if n and are small enough, one can easily modify T$ inside B(x, j e) to obtain a 
Lipschitz graph T s such that x G T s , and moreover 

(44) Lip(rg) < rj for some rf small enough, and T x s \ B(x, e/4) =Ts\ B(x, e/4). 

Using that dist(x,Q) > | e for all Q G A&, that dist(zQ, r,s) < #diam(Q) for the centre zq 
of Q, and the last part of (44), we deduce that dist(zQ,T s ) < #diam(Q) for all Q G A/%. So 
B(z Q ,6di&m(Q))r)T x s / 0, which in turn yields H n (T%nB(zQ,26diam{Q))) > (6>diam(Q)) n . 
Therefore, since {B(zq, 26 diam(C/))}Q 6 A fe is a family with finite overlap bounded by some 
constant depending only on n, 6, and the AD regularity constant of fx, we have 

f(U^E m n <0- n £ H n (T s nB(z Q ,20di a m(Q))) 

<e- n H?J |J 5(z Q ,2#diam(Q))] 
V QeA fc ' 
< 0- n H£* (A(s, e - C 2- fc , e + C 2~ k )) < Q-n 2 -k-i{n-i) ^ 

where we used Lemma 5.6 and that e ps 2~- j in the last inequality. The lemma is proved. □ 

Proof of Claim 5.4. Recall that jt R := {Q G Tr(i?) : Q D A m (x) / 0, £(Q) > C (e m - 
e m+ i)}, where i? G V(-D) and L> G P 3 . We have to check that V nc T i, R ^Q) 11 ' 1 / 2 < 

£(D) n ~ 1 / 2 . We will split the sum into different scales and we will apply Lemma 5.8 at 
each scale. 

Given i G Z such that 2 _i > C ( £m — e m+i)j the number of /U-cubes (J 6 P; such that 
Q C i? and Q n A m (x) ^ is bounded by C^-R)""^"- 1 ) « 2-^"- 1 )+*("- 1 ), since for all 
these /x-cubes, Q C A(a;,e m+ i - C , 2~ i ,e m + C2 _i ) C A(x,e m - C2- m ,e m + C2" i+1 ) for 
some constant C > big enough, and then by Lemma 5.8, yu( Uogj^nx)- < 3) ~ 2^ t £(D) n ^ 1 . 
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Therefore, 

E £{Q) n ~ 1/2 = E 2i/2 E £ (Q) n < E 2 < / 2 2- < £(D) n - 1 
Qe4; fl iez:i>j QeJ i,R nV . iez-.i>j 

« 2~''/2^ jD )n-l = £(D)»-V2. 

□ 

Proof o/ Claim 5.5. Recall that J& fl := {Q G Tr(P) : Q n A m (x) / 0, Q n (A m (x)) c / 
0, £(Q) < C (e m - e m+ i)}, where P G V(-D) and D G X>,-. We have to check that 



E w 1/2 < wHem-wi: 



1/2 



Q^Jm 



As before, we will split the sum into the different scales and we will apply Lemma 5.8 at 

3 R 

each scale. Given i G Z such that 2~ l < Co(e m — e m +i), since for any Q G Jm n A we have 
Q C A(z, e m+ i - C2 _i , e m+ i + C2 _i ) U A(x, e rn - C2-\ e m + C2 _i ) for some constant C > 
big enough, by Lemma 5.8 applied to both annuli we have /x( |Jg gJ 3,fl n:D Q) < 2 _ ^(D) n_1 . 
Therefore, 

£ w- 1/2 = E 21/2 E w 

QGJ^ fl ieZ:i>-log 2 (C (e m -e m+ i)) QeJ^nX"; 

< E 2-^ 2 £(Dr~ 1 « (e m - e^i) 1 /^)"-!. 

i<=Z:i>- log 2 (C (e m -e m+ i)) 

□ 

5.3.3. Estimate of £ m&SoW I £ Re v(D) £ Qe stp(*) (^x£ +1 * (Aq/^))(x)| 2 from (38). 
Lemma 5.9. Under the notation above, we have 



EE/ E E E («: +1 *(a q /m))(x; 



SeTrs DeS""m65 D (x) 



ReV(D) QeSt P (_R) 



2 

< ||;||2 



djiipc) 



Proof. Given P G V(D), consider a ,u-cube Q G Stp(P). If Tr(P) / 0, then QeBU 
\ Tr(P)), Q C P and P(Q) G Tr(P) (in particular, Q C P). Take 5 G Trs such 
that R £ S. By property (/) of the corona decomposition (see Subsection 2.4), we have 
dist(y,r 5 ) < 0diam(P(Q)) for all y G C cor P{Q). Hence, dist(y,r 5 ) < C6»diam(Q) for all 
y G C cor Q. On the other hand, if Tr(P) = we have set Stp(P) = {P}. In this case, we 
have R G B. Take S such that -D G S. Since P G V(D), we have P C C cor D if C cor is chosen 
big enough, and thus dist^Ts) < C6>diam(P) for all y G CP, where C is as above and C 
depends on C cor . 

Taking into account the comments above, one can prove the following claims using similar 
arguments to the ones in the proof of Claims 5.4 and 5.5. 

Claim 5.10. Let x G D eV, P G V(D), and m G S D (x). If we set jll R := {Q G Stp(P) : 
Q n A m (x) ± 0, £(Q) > C (e m - e m+1 )}, then £ QeJ i,« £(Q) n ~^ 2 < t{D) n ~V 2 . 

Claim 5.11. Let x G D € X>, P G V(D), and m G 5 D (x). // we sei J^ R := {Q G Stp(P) : 
Q n A m (x) / 0, Q n (A m (x)) c / 0, £(Q) < C (e m - e m+1 )}, then E Qe ^^Q) n ~ 1/2 < 
£(Dr~ 1 (e m -e m+1 ) 1 / 2 . 
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The only properties of Aq/ that we used to obtain (43) were that Aq/ is supported in 
Q and that f Aq/cZ/z = 0. The function Aq/ is also supported in Q and has vanishing 
integral. Thus, if we replace Tr(R) by Stp(i?), Claims 5.4 and 5.5 by Claims 5.10 and 5.11, 
and Aq/ by Aq/, the same arguments that gave us (43) yield the following estimate: 

(45) E E E (^: +1 *(Aq/^))(x) < y, E ^r7^ii A Q/iiW)- 



m£5 D (3;) iJeV(D) QeStp(_R) 



R&V(D) QeStp(H) 



Below we will use that ||Aq/||| 1( ^(Q)-» = ( J Q \f - m%f\ d^) W n < Kl/I) MQ)- 
Notice that, by the definition of Stp(i?) and since the corona decomposition is coherent 
(property (d)), any Q G Stp(i?) is actually a maximal /i-cube of some S G Trs or 
Q & B (and in this case Tr(i?) is empty). Hence, if we integrate (45) in D, we sum over all 
D G S 1 G Trs, and we change the order of summation, we get 

2 

SeTrs DeS ULJ m&S D (x) ReV(D) QeStp(R) 



EE/ E E E (^: +1 *(Aq/^)) ( x) 

o, t. ,^C-/O__o ^ Re y( D ) Q eStp (iJ) 

< v v v v f^Y /2 ^*M 

~ Z^ Z^ Z> Z> £(Q) n 

SeTis DeS ReV(D) QeStp(R) v v ;/ 

sE E E (1#) 1/2 KJ/i) 2 mo s ) 

+ E E E (§i) 1/2 Ki/0 2 M«3) 
= E E E (f#)' /2 KJ/i)VQ S ) 

5eTrs ReV-.RDQs DdV{R) V V ; 7 

+ E E E (f§) 1/2 Ki/i)V<3). 



QeB rgv-.rdq DeV(R) 

Finally, using that V(R) has finitely many elements, and that the /i-cubes Qs with S G Trs 
and the /i-cubes Q £ B satisfy a Carleson packing condition (so we can apply Carleson's 
embedding theorem), we deduce 

2 

d(i(x) 

ReV(D) QeStp(R) 



EE/ E E E («: +1 *(Aq/^))(x) 



SeTrs D^S" ^ m&S D (x) 



EKJ/DV%) E !|^ + EKi/i> 2 f«?) E §fS 

SeTrs ReV:RDQ s V 7 QeB R£V: RDQ y > 



£ E Ksi/D MQ5) + EKi/D m(q) < ii/iii-o.)- 

SeTrs QeB 

□ 

5.3.4. Estimate of £ m6<Sc(:r) I £»=yp) (^x£ +1 * ((</W))0*0| 2 from (38). We will 
need the following auxiliary lemma, which we prove for completeness, despite we think it is 
already known. 
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Lemma 5.12. Given D G V and f G L 2 ([i), set od(/) '■= J2r<=V(d) \ m R,f ~ m Df\- Then, 
there exists C > depending only n and the AD regularity constant of \x such that 

J2("D(f)) 2 »(D)<C\\f\\h { ,y 

Dev 

Proof. By subtracting a constant if necessary, we can assume that / has mean zero. Con- 
sider the representation of / with respect to the Haar basis associated to T>, that is / = 
T,Qev A Qf- For m £ Z,we define the function u m = Y,Q e v m A q/> so / = Emez u ™ and 
the equality holds in L 2 (fi). Given j G Z, define the operator 

We will prove that there exists a sequence {o~(k)}kez such that 

(46) ^ cr(fc) < C < oo and \\Sj(u m )\\ L 2 M < a(\m - j\)\\u m \\ L 2 (p) . 

Assume for the moment that (46) holds. Then, since each Sj is sublinear, by Cauchy- 
Schwarz inequality and the orthogonality of the n m 's, 

j2(a D (f)) 2 »(D) = Y, I E(^(/)) 2 ^^ = En^(/)iii 2 (M) 



=E S 4E 



m£Z 



<E Eii^ 

L2 0) j e z v mez 



< E ( E ~ ( E ~ 3\T l \\SMrn)\\l^ 



< 



^-j|)ll«m|| L 2 (M) 



E 



lL2( M ) 



5>(i 



m- j | 



sE 



and the lemma follows. Let us verify (46) now. By definition, 



(47) 



I Sj (u Ti 



E ( E E 

Assume first that m>j. If D G T>j, R G V(D), and Q G £> m , then either Qf]R = or Q C R. 
In both cases, since Aq/ has mean zero and is supported in Q, we have J Aq/ X-R^A* = 0- 
Thus, the right hand side of (47) vanishes (obviously D G y(D)), and (46) follows. 

Assume now that m < j. Set D := Ur6V(d) R- R- ecan that Aq/ := E^(y eCh (Q) Xu{ m i/f ~ 
rrigf ), so Aq/ is constant in each U G Ch(Q). Hence, if for some U G Ch(Q) we have D C U 
or 5 C sup P/ u \ 17, then (R U £>) C U or (J? U £>) n U = for all i? G V(D), and so 



lL2( M ) 



Aq/ 



X# 



X£> \ 



fi(R) n(D)J 



Xi? 



XD 



Ai(i?) //(£>) 



Xi? 



XD 



= 



d»=Wf-rn» Q f)J uKm m 

for all i? G V(-D). Therefore, if we set m^gf := {m^f — rrigf), using that V(D) has finitely 
many elements and that f \h(R)~ 1 xr — h(D)~ 1 xd\ d/j, < 2 for all i? G V(-D), we deduce from 
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(47) that 

\\s^ m )\\h M = E( E E / E xum ^Q f {^W)-^W) 

Dev. y ReV(D) QeV m J UeCh(Q): ' ^ y ' 

Dnu c ^Q) 

(48) s E ( E E \<,Qf\) 2 »w 

Dnu c &> 

2 



= E ( E Kwfi) m- 



fe^j c/ezWi:Dn(7^0, 

Dn(7 c ^0 

It is not hard to show that, since m < j and D G Dj, the number of ^-cubes U G T> m +\ such 
that D n C/ 7^ and D n f/ c / is bounded by some constant depending only on n and the 
AD regularity constant of \i (but not on the precise value of m). Hence, 

2 



E ( E m < e £ k^/ivgd) 

= E KWivf U 4 

Fix J7 G P ro+ i. Recall that Z) := Uj?gv(D) ^> so diam(D) « diam(D). Thus, there exists a 
constant To > such that 

|J D C {i £ [/ : dist(x, sup P/ u \ U) < t £{D)} 

U {x G supp/i \ *7 : dist(x, f7) < t ^(£>)} 
= {i£ [/ : dist(x, sup P/ u \ [/) < T 2 m ^' +1 ^([/)} 
U {a; G suppfi \ U : dist(x, U) < T 2 m - j+1 £(U)}. 

If m <C j, then r := ro2 m_J,+1 < 1, so we can apply the smaZZ boundaries condition (9) of 
Subsection 2.3 to obtain M(Urjex> Dnc/ c ^0 ^) — Cr 1 / C 2~ mn . On the contrary, if |m— 

j| < 1, then « 1, so ^U^lw^lw^) < MW) £ 2 ~ mn « t 1 /^-™, for 
some big constant C\ > 0. Thus, in any case, V-({J De x> ■ Dnu^$ 5n(7 c ^0 

D) < 2( m -iy c £(U) n , 

and combining this with (49) and (48) we conclude that, for m < j, 

\\s 3 (u m )\\i 2M <2( m -^ c J2 \<f-^ P(u) f\ 2 t(ur 



UdV 



m+1 



^^m-jyc j ^ X[/ | m ^/- m ^ ([/) /| 2 ^ = 2-l^l/ c ||^||i 2(M) , 

J uev m+1 

_ Ifcl 

which gives (46) with <j(A;) = 2 « and finishes the proof of the lemma. □ 
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dfi(x) 



< 



Lemma 5.13. Under the notation above, we have 

E E / E E * (M/ww*) 

SeTrs DeS J D meS D (x) ReV(D) 

Proof. Recall that, given D G V, we have set D := Uflgym) ^- For x £ D, we have 

E E 2 < E \( K xZ +1 *(«f)x5v))(*)\ 2 



(50) 



mScS£i(a;) 

+ E E ( K xZ +1 *((my-<f)XRV))(x) 
m<=S D (x) R£V(D) 



We are going to estimate the two terms on the right hand side of (50) separately. For the 
second one, recall also that, given m G Sd(x), we have set A m (x) := A(x,e m+ i,e m ). We 
write 

\(KxZ +1 H(rn R f-rn%f) X Rfi))(x)\ < |m&/ - m&/| / |*T(x - j/)|x*(y) ^) 

< |m£/ - m£/| fi(A m (x) n R)£(D)- n . 
Therefore, interchanging the order of summation, 

E E (^: +1 *(K/-<w)w' 

m£5 D (x) i?6V(-D) 



s( E E \<f-<f\KA m (x)nR)e(D)-A 

<( E K/-^/i|^) 2 -( E K/-^/l) 2 = (M/)) 2 , 



where od(/) are the coefficients introduced in Lemma 5.12. If we integrate on D and sum 
over all D G S and S G Trs, we can apply Lemma 5.12, and we finally obtain 

E E / E E (KxZ +1 *(«f-<f)XR^)(x) 2 d^x) 
( 51 ) SeTrs D&S J D meS D (x) ReV(D) 

Let us estimate now the first term on the right hand side of (50). Let Ld bea minimizing 
n-plane for a^{D) and let L X D be the n-plane parallel to which contains x. Given z 6 M. d , 
let Pq denote the orthogonal projection onto L X D . Let g±, g 2 ■ M — > [0,1] be such that 
supp^i C (-2e£(D),2e£(D)), suppg 2 C (-£(D)e,£(D)e) c , and g\ + g 2 = 1, where e > is 
some fixed constant small enough. For z G consider the projection onto L X D given by 



(52) p x (z):=(x + (p x (z)-x 



z — X 



\p x (z)-x\ 



92(\Po(z) - x\) + p x (z) gi (\p x (z) - x\ 



Since suppg2 does not contain the origin, p x is well defined. Moreover, if z G M. d is such that 
92{\Po{z) — x\) = 1, then \z — x\ = \p x (z) — x\. 
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Let C* > be a small constant which will be fixed below. Assume that a^lOD) > C*. 
Then, we can easily estimate 

E \( K xZ + A(<f)Xo»))(x)\ 2 = \<f\ 2 E / _K(x-y)dn(y) 

(53) <K/| 2 ( E / jK(x-y)\d^y)) 2 



< 



me s v (x) JA ^ nD 
^/| 2 (^P)~ n ^(y)) 2 < \™ D f\ 2 < \my\ 2 a,(WDf 



From now on, we assume that a^(lO-D) < C*. By assuming C* small enough, it is not 
difficult to show that then the distance between D and L X D is smaller than £(D)/W00. More- 
over, p x restricted to {y G A m (x) : dist(y,L'f ) ) < £(D)/1000} is a Lipschitz function with 
Lipschitz constant depending only n, d, and the AD regularity constant of fi. Furthermore, 
by taking e small enough, we have 

(54) p x (z) = x+(p x (z)-x) 



\p%{z) - x\ 



for all ze{y€ D n A m (x) : dist(y,Z,f>) < £( J D)/1000} C sup P/ u. 

Recall that D £ S for some S* G Trs. Let be the maximal /i-cube of S, and set 
:= V\ (X40Q S A*)- Then, since supp/i n A m (x) C -D by the construction of D, 



(KxZ +1 * ( K,/)X5M))(aO = «>/) / ^ " y) 



("»!)/) / K{x-y)d{ii-v x ){y) + {m y D f) / K{x-y)du x (y) 
JA m (x) J A m (x) 



(55) 

=: I71 m (s) + U2 m (x). 



Claim 5.14. Under the notation above, we have 

E \Ulm(x)\ 2 < \m D f\ 2 U,(Df + a»{D? + ( ^f^ ) ') ■ 

m£S D (x) V \ \ ) J J 

Proof of Claim 5.14. By (54), y G A m (x) if and only if p x (y) G A m (x) in the integral 
defining Ul m (x). Since \y — p x (y)\ < dist(y , L X D ) < dist(y, Lp) + dist(x, Ld) for all y G 
sup/ifl A m (x), 

|C/lm(x)| < |m£/| / |K(x - y) - K(x - p x (y))\ dfi(y) 

J A m (x) 



< 



\<f\ 

£(D) n+1 J Am{x) 

\<f\ 

l{D) n + l 



/ \y-p x {y)\dn{y) 

JA m (x) 



< 1^ / (dist(y, L D ) + dist(x, L D )) dfi(y). 

1 A m (x) 
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If L l D denotes a minimizing n-plane for f3\{D), then dist^(L£>n Bp, L^Ci Bp) < a ll {D)£{D), 
so dist(y, L D ) < dist(y, L\,) + a lx (D)£(D) for ye CD (see [To4]). Therefore, 

/ I™/" -PI /• \ 2 



l^l-WI 2 < (4^1 E / (dist(y,L D )+dist(x,L D ))^(y) 
< \m^ D f\ 2 (£{DY n - 1 [ (dist(y, L D ) + dist(x, L D )) d»(y) 



□ 



Let us consider U2 m (x) now. We can assume that v x is absolutely continuous with respect 
to Ti^x (for example, by convolving it with an approximation of the identity and making 
a limiting argument). Let h x be the corresponding density, so v x = hxT-L^. We may also 
assume that h x G L 2 (%^). So, 

U2 m (x) = (m£/) f K(x - y) du x {y) = (m£/) / - y)^(y) (y). 

JA m (x) JA m (x) 

At this point, we need to introduce a wavelet basis. 

Definition 5.15. LetT> n denote the standard dyadic lattice ofW 1 . Let {ipQ}Q£V n ,k=i,...,2 n ~i 
be an orthonormal basis of C 1 wavelets on R n in the following manner (see [Da, Part I]): 

(a) ip^ : R n ^ R is a C 1 function for all Q G V n and k = 1, . . . , 2 n - 1. 

(b) There exists C > 1 and ipo : [0, C] n — > R with \\1poW2 = 1; HV'olloo < 1, and such 
that, for any Q G X> n and k = 1, . . . ,2 n — 1, there exists I G Z n swc/i i/iai ipQ{y) = 

Mv/*(Q) ~ W(Q)~ n/2 for all y G R n . 

( c ) ||^*|| 2 = l, ftfj^dC 11 = and f 4>^ l R dC n = 0, /or aZZ Q,R £ V n and k,l = 
1, . . . , 2 n — 1 such that (Q, k) / (R, I), where C n denotes the Lebesgue measure in R n . 

(d) suppV'g C C w Q for all Q G V n and k = 1, . . . ,2 n — 1, where C w > 1 is some fixed 
constant (which depends on n). In particular, for any j G Z the supports of the 
functions in UgGl' n -^(Q)=2-j{V ; Q}/c=i,...,2 n -i have finite overlap. 

(e) ll^lloo < £(Q)- n/2 and ||V^||oo < l{Q)~ n/2 ~ l for all Q G V n , k = 1, . . . , 2 n - 1. 
(/) If h E L 2 {C n ), then h = E Q eV",k=i,...,2"-i A Q h > w/iere A Q^ : = { J W k Q dC n )i> k Q . 

In order to reduce the notation, we may think that a cube of V n is not only a subset of 
R n , but a couple (Q, k), where Q is a subset of R n and /c = 1, . . . , 2 n — 1. In particular, there 
exist 2™ — 1 cubes in V n such that the subsets that they represent in R n coincide. We make 
this abuse of notation to avoid using the superscript k in the previous definition. Then, we 
can rewrite the wavelet basis as {ipQ}Q<=v n , with the evident adjustments of the properties 
(a), . . . , (/) in Definition 5.15. 

Let T>x'° be a fixed dyadic lattice of the n-plane L X D , and let {iI>q} Q g x> n >° be a wavelet 
basis as the one introduced in Definition 5.15 but defined on Lfj. Denote by Ef) the n- 
dimensional vector space which defines L X D , and let {Ql}kez be a fixed sequence of nested 
dyadic cubes in Ef) having the origin as a common vertex and such that £{Q° k ) = 2~ k for all 
k G Z. Given s G Ef,, set V x ' s :={s + Q: Q G V x ' } (notice that, for any k G Z, the family 
{Q ^ ^a;' 5 : ^(Q) = 2~ fc } is periodic in the parameter s), For any Q G V x '° and n G Lf,, if 
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Q' = s + Q G V x ,s , we define ipQ>(y) = ^s+q{v) ■= ^q{v - s). Then {tp Q/ } Q , eT> n,s i s also a 
wavelet basis denned on L X D . Consider the decomposition of h x with respect to this basis, 

(56) h x = A S^= E A Q,sh*, 

where A^ s h x (z) := (/ h x (y)ijjQ(y - s) dfi(y)) i/jq(z - s) (recall that, for any Q G V x ,s , 
JipQdHl* D = °)- We set J (Qs) ■= -log 2 WQs)), and given Q G W, we set J(Q) := 
— log 2 (^(Q)) and J'(Q) := max{ J(Qs), J(Q)}- Given $7 C E D , denote by m^^g the average 
of a function g : E X D — >■ R over all s G Q and with respect to Then, by the periodicity 

of {iPq}q £ x>"' s m the parameter s (recall Definition 5.15(6)) and (56), we can write 

hx=m seQOj{Q Jh x )= m ^Q° T(Qs S A Q,s h -) = E m s^ JI{Q) ( A Q, s hx). 

Set J := {Q G : supp^o(- - s) D suppx|T/_i (x - •) ^ for some s G Qj, {Q) }- Then, 

(57) U2 m (x) = (m D f) f K(x-y)Y,rn seQ o (A^My))dHl* D (y). 

JA m {x) QeJ J «> 

Recall that D G Vj and m G 5d(x). Since x G D and ^(-D) = 2~ J , if Q G J, then 
-D C B(x, C a ((Q)) or Q C -B(x, C a £(D)) for some constant C a > big enough. In particular, 
if t(Q) £ 1{P) then L> C B(zq,CJ(Q)), and if £(Q) < C£(D) with C > small enough 
then Q C B(zd, C a £(D)), where zq denotes the center of Q C L D and zb denotes the center 
of D G V. We define 

Ji : = {Q G J : £(Q) < C£(D)} C {Q G : Q C B(^,C ^(D))}, and 
J 2 : = J \ Ji C {Q G : D C C a £(Q))}. 

Then, using (57), that suppx e e ™ +1 (x — •) C suppx2-j-i(x — •) for all m G Sd(x), that 
Ia (x)^( x ~ y)dHL*,(y) = by antisymmetry, and that J'(Q) = J(Q) for all Q G J\ 
(because D C Qs), if denotes some fixed point in A(x, 2 - - 7 ' -1 , 2 - - 7 ) n Lfj, we have 

I72 m (z) = (m£/) / X(x-y) £ m seQ o (A^(y)) cW^ (y) 

(58) + «>/) / *(*-y) E ^^(^SA^-^A^))^^) 

=: tf3 m (x) + U4 m {x). 
Claim 5.16. Under the notation above, we have 

1 /2 

E l^ m (x)| 2 < \m D f\ 2 E (|§t) W)^K 6 go IIaJ^iiO 2 . 

ra£5 D (x) QeJ 2 v w;/ 

Proof of Claim 5.16. By property (e) of the wavelet basis in Definition 5.15, we have 
\^Mv)- A qM x ')\ ^ H V ( A Q,A)Hook'-y| < \\^ s h x hW-y\i{Qr n/ ' 1 - 1 - Moreover, 
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if y G A m (x), then \x' — y\ < Therefore, 



QeJ 2 ■ / ^™( a! ) ( ' 

< £ |m^/|m s6Q o (||A$^ :c || 2 )^( J D) 1 -^(Q)-"/ 2 - 1 ^(^ m ( ; r)), 
QeJ 2 

and then, by Cauchy-Schwarz inequality and since J2 C {Q G : -D C B(zq, C a £(Q))} 
(in particular, t{D)/t(Q) < (i(D)/l(Q)fl 2 ), 

E i^ m (x)i 2 <( e EK/i^^Cii^Aii^i^^^J^^)) 

< f E K/l^. 6 oo /fo ,(IIA$,All2)^(Q) B/2+1 



QeJ 2 



s K/P E (|§) 1/2 <(Q)-"K^, (0) ||aS>,iw 2 . 



□ 



We are going to estimate U3 m (x) with techniques very similar to the ones used in Sub- 
sections 5.3.1 and 5.3.3. First of all, let 6* > be a small constant which will be fixed later 
on, and consider the family V := {Q G : £(Q) < 1(D)}. Let Stp denote the set of cubes 
Q G V such that there exists Rq G T> with £{Rq) = £(Q), WRq n (j?)' 1 (suppV'Q) / 0, and 

(59) E M WR ) > b * but E M WR ) < b *- 

ReV: R Q CRJ(R)<£(D) Rev-. p(R Q )cR,e(R)<e(D) 

Observe that if Q and Q' are different and belong to Stp, then Q n Q' = 0. Notice also 
that Z) Stp because we assumed a^(WD) < C*. Finally, denote by Tr the set of cubes 
Q G V \ Stp such that i? Stp for all R G P with RD Q. Then P = Tr U Uoestpi^ G ^ : 
R C Q}. By taking C* small enough we can assume that, if R G J\ C\V and R C Q for some 
Q G Stp, then Q e J±. So we write 

E m *eQ° (Q) ( A Q,A) 
QeJi 

= E m *eQ° (Q) ( A Q,A) + E E m seQ° J(Q) ( A R,s h x) 

QeJinTr QeJinStp ReJifXP-. R<zQ 

Set Aq s /i s := YIr^v- RcQ ^Rs^x- Then, using the definition of J\ and J, we can split 
U3 m (x) = (m£/) [ K(x-y) E m *eQ\ Q) ( A qMv)) dU\ (y) 

(60) + «,/)/ K{x-y) E rn seQ0 (Al s h x (y))dnh D (y) 

Ja ™(x) QeJinStp 

= : ur m (x) + m h m {x). 
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Claim 5.17. Under the notation above, we have 

1/2 



E ra*)i 2 <K/i 2 e (H) llm^oJA^MII^r" 



meScfi) QeJiDTr 

For simplicity of notation, we have set \\ • \\ p := || • \\LP(H n x )■ 



Proof of Claim 5.17. Notice that ^^(^(x)) ^ («m - e m+1 )£(D) n - 1 . Moreover, the 
function m s6 go^(Ag s /i x ) is supported in CQ and has vanishing integral, because the same 

holds for each Aq s h x with s 6 Qj(q)- Hence, the sum Yl m eS D (x) \ ^^m( x )\ 2 can be estimated 
using arguments very similar to the ones in Subsection 5.3.1 (see (43)), and the analogues 
of Lemma 5.6 and Claims 5.4 and 5.5 for T-L^x follow easily. One obtains the expected 
estimate. □ 

Claim 5.18. Under the notation above, we have 

Proof of Claim 5.18. Since m se QO (Aq s h x ) has vanishing integral and it is supported 

in a neighbourhood of Q, the term U2> h m (x) can be estimated in the same manner (but now 
we do not use the estimate ||w s6 q° (Aq s h x )\\f < £(Q) n \\m se QO (A^ s h x )\\\) , and one 
obtains the expected estimate (compare with (45)). □ 

Recall that we have fixed x £ D £ S £ Trs, and we denote by Qs the maximal //-cube in 
S from the corona decomposition, so D C Qg. The following lemma, whose proof is given in 
Subsection 5.3.5, yields the suitable estimates for rn se qo / (Aq s h x ) and rn se qo / (Aq s h x ). 

Lemma 5.19. Assume that a^(D) < C* ; for some constant C* > small enough. Given 
Q £ T>x' , there exists constants C\,C 2 > 1 depending on C* and 6* (see (59)) such that, 



(a) ifQ£j 2 and£(Q)>£(Q s ), then m seQ « (\\A^ s h x \\ 2 ) < £(Q s ) n £(Q)- n / 2 , 

J (Q) 1 



tV .7'(Q) 

(6) ifQ£J 2 and £(Q) < £(Q S ), then 

n/2 



V R<E.V:DcRCB(z Q ,C 1 £{Q)) V ; 7 

(c) if Q £ J\ n Tr ; i/ien i/iere exisfe Qo = Qo^Q) £ 2? depending on x and Q £ T>. 
such that Q C C 2 D, £(Q ) ps £(Q), Q n (p :e )" 1 ( su PPV'q) / 

IKeQ° (A§,A)|| 2 <( E ^(C 2 ^) + diSt ^ D) )^)" /2 , anrf 

(d) z/QG JiHStp, then llm^JA^h^^^Qr. 



,n,0 
x 
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We are ready to put all the estimates together to bound the first term on the right hand 
side of (50). From (53), (55), (58), and (60) we have 



E K K xZ +1 * («>/)x 5 m))(x)| 2 < K/iVUo^ 



(61) 



+ £ (|[/l m (x)| 2 + |f/3^(x)| 2 + |[/3^(x)| 2 + |f/4 m (x)| 2 ). 



Let us deal with Ul m (x) (the term \m^ D f\ 2 a^{10D) 2 above is handled in the same man- 
ner). If L\) and L 2 D denote a minimizing n-plane for f3\^(D) and /3 2j/1 (.D), respectively, one 
can show that dist w (Lz) n Be>, n B D ) < a fl (D)£(D) and dist^L^ n B D ,L 2 D n So) < 
p2 tli (D)e(D), so we have dist(x,L D ) < dist(x,L|)) + /3 2 ^{D)£(D) + a^{D)£{D) for x € D. 
Then, by Claim 5.14 and Carleson's embedding theorem, 



EE/ E \ u u 2 d, 

SeTrsDeS JD meS D (x) 

( 62 ) S E / d l^/| 2 (^(^) 2 + MB) 2 + ( diS ^ D) ) 2 ) W 

< E \rnU\ 2 m n {PiAD? + MD) 2 +^(D) 2 ) < \\f\\ 2 L2{fi) . 
Dev 

For the case of t/3^(x), by Claim 5.17 and Lemma 5.19(c) applied to the ^u-cubes in 
J i n Tr, we have 

EE/ E i^i 2 ^ 

SeTrs DeS J D meS D (x) 

V 2 IK eQ o_(A^v 112 

< 



LJL\W)) — m — Mx) 



DeV QG JiflTr 

<EkW E (§i) n+1/2 ( E 

Qti{x,Q)<zRdC 2 D 



4.^1 "f|2/" ^ ^(Q)^" +1/2 ^ dist(x,L D ) V^ 
DSC ^^QeJiflTr v v ;/ 



Recall that J x C {Q G X£'° : Q C B(z D ,CJ(D))}. Then £ QeJl {1{Q) / l{D)) n +V 2 < 1, 
and since dist(x,L D ) < dist(x,L| ) ) + (3 2:fl (D)£(D) + a^{D)£{D) for x £ D, then S" 2 < 
Edg© I^d/POM- ) 2 + a M (D) 2 )£(D)», and hence S 2 < C||/||| 2(m) , by Carleson's embed- 
ding theorem. For Si, since £(Q) « ^(QoOe>Q)) (recall the definition of Qo = QoO^Q) m 
Lemma 5.19(c)), Qo(x,Q) C C 2 D, and every Qq e V intersects (p x )~ l (suppV'Q) for finitely 
many cubes Q € (with a bound for the number of such cubes Q independent of x and 
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Qo), we have 

n+l/2 / \ 2 



QeJiDTr v v y/ v ReV:Q (x,Q)cRcC 2 D 7 

- e e (§T /2 ( e Mc 2 «>y 

Q (x,Q)=P 

* E E *,) ! 

P£V:PcC 2 D v v 77 y ReV: PcRCC 2 D 7 

By Cauchy-Schwarz inequality, 

E (|g)" +,/2 ( E m**)' 

PGV:PGC 2 D y K ;/ K ReV: PcRCC 2 D 7 

s E (fS)" +1/2 -(^) E 

PeV:PcC 2 D V V y/ V V 7 / R e v-.PCRCC 2 D 

< £ mqk) 2 E fl^)" +1/4 



£ E M^(f!i)" +I/ E :Al (Df. 



R<=V:RcC 2 D PeV.PcR 

71+1/4 



ReV:RcC 2 D 



By standard arguments one can easily show that these Ai coefficients satisfy a Car- 
leson packing condition, so by (63) and Carleson's embedding theorem we obtain Si < 
J^Dev \m>i ) f\H(DrX 1 (D) 2 < \\f\\ 2 L2(fl) , which combined with 5 2 < H/H^ yields 



(64) EE/ E ra 2 ^< 



Il2( m )- 

SeTrsDeS"'^me5 D (x) 



Let us deal now with J73^. By Claim 5.18 and Lemma 5.19(d) applied to the /x-cubes in 



Ji n Stp, we have 

EE/ E i^ti 2 ^ 



n+l/2 

< 



E (§!) v 

Dei? ^^QeJinStp v v 7 7 



Given DeP, consider the family Ad := {fi £ P : i? = i?g for some x G D and some Q G 
Ji nStp} (see the definition of Rq in (59)). Observe that every R G D intersects (p x ) _1 (Qn 
Lf>) for finitely many //-cubes Q G X>™'° such that £(Q) = £(R). Thus, simlilarly to what we 
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did for Q £ J\ n Tr in the case of C3^, we have 



DeD QeJinStp v v ;/ Dec JU ReA D v v ;/ 

s E i-^/i 2 E (§§) n+V2 ^^ = E \<f\ 2 HD)MD), 

Dev ReA D Dev 

where we have set \2(D) 2 := 2^ Re A D (^(-R)/^(-D))™ +1 / 2 - Since the a M 's satisfy a Carleson 
packing condition, it is not hard to show that the same holds for the A2's. Indeed, since for 
any R € Ad we have J2 R >eV: RcR> ,e(R)<e(D) M 10 -* 2 ') ^ b * h Y ( 59 )' then 



Wfr'E (§i)" +V2 ( E ^< 10R ')) 2 

i?eA D v v J/ v R'eV:RcR',e(R)<£(D) 



and we can proceed as in (63). Hence, putting these estimates together and using Carleson's 
embedding theorem for the A2's, we obtain 

(65) EE/ E i^ti 2 ^<imi| 2(M) . 

S£TrsD£S JD m(LS D (x) 

We deal now with U4 m (x). By Claim 5.16 and Lemma 5.19(a) and (b) applied to the 
cubes in J 2, 



EE/ E i^i 2 ^ 

SeTrsDeS JD meS D (x) 



SeTrsDeS QeJr.t(Q)<t(Qs) 

2 / j. ./ r w 2 



£(Q). 

( E + 

v ReV:DcRcB(zQ,de(Q)) 7 \ v / / 



SeTrsDeS QeJ 2 :<?(Q)><?(Q s ) 



Regarding S3, since dist(x,L D ) < dist(x,L 2 D ) + p 2 ,„(D)£(D) + a^D)^D) for x G £> 
and ^2q£j 2 (£(D)/£(Q)) 1 / 2 < 1, the second term in the definition of S3 is bounded by 
Edgc hyi 2 (^(^) 2 +a,(D) 2 )W, and hence by CH/H^, by Carleson's embedding 
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theorem. For the first term in S3, by Cauchy-Schwarz inequality, 

1/2 , \ 2 



EEK-/I 2 / E (mi) ( E mc*)) * 

' ' " ' DcRcB(zQ,Cii(Q)) 

<?(Q)<<?(Qs) D<zWzB{z Q ,Ci.i{Q)) 

<EK/i 2 / E«,(^) 2 E (f^Y'V 

DPT) jD RPD: ^^n,0. 



CK iiCS(z Q ,Ci€(Q)) 

Notice that Eq 6 ^.o :RcB ( zq , Ci ^q)) (W/^(Q)) 1/4 < {t(D)/£(R)) V \ thus the right side of 
the preceeding inequality is bounded above by 

(67) E «m(^i^) 2 (|§) 1/4 =: El^/lWA 3 P) 2 . 

By standard arguments one can show that the A3's satisfy a Carleson packing condition, 



so by Carleson's embedding theorem again, the last term in (67) is bounded by C'H/H^^- 
Thus we obtain S 3 < ||/||| 2(m) . 

The estimate of S4 from (66) is easier: 

£ £. Kd " A,.—?. .... w-" 2 ^ 



S'STrs DG5 " 0e©?°: t{Q)>t{Qs), 

DcB(zQ,de(Q)) 

As before, £q 6 ^^ (q)> ^ (Qs)DcB(2q ^ (q)) ^Q)" 2 "" 1 /* < ^( Qs )-2n-i/2 ) thus 

* 4 < E E K/iw(g) V2 < E K/i a w E (|iy) 1/2 

=: ^ |m^/|^( J D)"A 4 ( J D) 2 . 
Dev 

Similarly to the case of the A3 coefficients, one can show that the A4's also satisfy a Carleson 
packing condition, thus S4 < ll/lli 2 (/i) Carleson's embedding theorem. Actually, if one 
defines a^Q) = 1 if Q = Qs for some S G TVs and a^(Q) = otherwise, using the packing 
condition for the /U-cubes Qs with S £ Trs, one can easily verify that the S M 's satisfy a 
Carleson packing condition. Then, 

^ D > 2 = E (l§) I/23 ^) 2 = E (§i) 1/2 ^(«) 2 - 

5GTrs:D C Q s \W S >' QeT>:DcQ V £ WJ/ 

and we can argue as in the case of the X^'s in (67). 
By the estimates of S3 and S4, we obtain 



<68 » lll ? 



m m \ 2 dv<\\f\\h {fl) . 
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Finally, plugging (62), (64), (65), and (68) in (61), and combining the result with (50) 
and (51), we conclude that 

2 



E E / E E (^: +1 *(K/w))(*: 



dfi(x) 



< 



~ 1 1 j 1 1 Z/ 2 (/j.) ' 

SGTrs DgS ° u m^Sjjix) ReV(D) 

and Lemma 5.13 is finally proved, except for Lemma 5.19. □ 
5.3.5. Proof of Lemma 5.19. 

Proof of Lemma 5.19(a). By Definition 5.15(e), for any s G Qj/(q) we have 

IIA^Moo Z\(h x ^s +Q MQr n/2 < e(Q)~ n J h x du\=i{QY n J du x 
= i{Q)~ n I d(pfU*o Qs ri) = t{QT n I d»< £(Qs) " 



Hence, || A^ s h x \\ 2 < HA^Moc^supp^+o) 1 / 2 < l{Qs) n Z{Qr n/2 for all s G Q° JI{Q) , and 
Lemma 5.19(a) follows by taking the average over s G Q°j/(Qy D 

Proof of Lemma 5.19(6). Since D C B{z Q ,C a i{Q)), D G S, and £(D) < £{Q) < i{Q s ), 
by taking C cor big enough (see property (/) in Subsection 2.4), we can assume that \x is well 
approximated by Ts in a neighborhood of Q. We are going to show that, for each s G Q°j*(Qy 

(69) WA^Mh < ( £ a^fl) + diSt ^ D) )^(Q)" /2 , 

and Lemma 5.19(6) will follow by taking the average over s G Qfjitqy 

Fix Q G J 2 , so D C 5(z Q ,C^(Q)) with *(Q) < *(Q S ), and s G Q°j, {Qy Take Q' £ V 
such that £(Q) = £(Q') and Q C B(z Q > ,3£(Q)). Recall that suppV> s +Q C CQ and |VV> s +q| < 
£{Q)~ n l 2 ~ l ■ Let S +Q' be an extension of ip s +Q, i-e., let <p s +Q' : M d — > M be such that 
supp0 s+ Q/ C B Q , C M d , |V^ s+ q/| < ^(g')"" 72 " 1 and <£ s+ q/ = ip s+Q in Lf,. 

Let Lqi be a minimizing n-plane for a^CiQ'), where C± > 1 is some big constant to be 
fixed below, and let Lq, be the n-plane parallel to Lqi which contains x. Let oqi := cq'T-L^ ( 

be a minimizing measure for a^CiQ') and define Oq, := cq'T-L^* ,■ Finally, set a := cq/T-L^. 
Since ip s +Q has vanishing integral in L X D , we also have J 4> S +Q' dH^x = 0. Hence, 



(70) 



\^Q a hxh = \\(h x ,rp8+Q)^s+Qh = \(hx,^8+Q)\= / <l>s+Q{y)dv x (y) 

Jl d 

J <P s+ Q'(y)d(u x -a)(y)\<£(Q)- n / 2 ' 1 di S t BQ ,(u x ,a). 



We can assume that 

(71) MCiR) < K 

ReV: DcRCB(zq ,Cii{Q)) 

otherwise Lemma 5.19(6) follows easily. By assuming (71) one can show that the angle 
between L X D and Lq, is small. By the triangle inequality, we have 

(72) dist BQ/ K, o) < dist Bg , (v x , V \o x Q ,) + dist BQ , (p x a^,,a). 
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To deal with the first term on the right hand side of (72), let h be a Lipschitz function 
such that supp/i C Bqi and Lip(/i) < 1. Then, using that supp^i is well approximated in CQ' 
by a Lipschitz graph T$ with small slope, the function hop x restricted to supp//U Lq can be 
extended to a Lipschitz function supported in -BciQ' (if Ci is big enough) with Lip(/i op 1 ) 
bounded by a constant which only depends on n, d, and Lip(Ts). Therefore, 

/ hd{v x -pSofy) = / hop x d(ii-a x QI ) <dist B CiQ ,(m,^,) 

(73) ^Q' ■ / B 0l Q' 

< distB OiO ,(M,<7 + dist Boi0 >0',<7§,) < a li (C 1 Q')e(Q) n + 1 + dist(x,L Q ,)£(Q) n . 
Since x £ D and £> C CiQ' (if Ci > C 6 ), by [To4, Remark 5.3] we have 

( 74 ) dist(x,L Q /)< ^ a^{R)£(R) + dist(x,L D ). 

ReV: DcRcCiQ' 

Taking the supremum over all possible Lipschitz functions h in (73) and using that £(D) < 
£(R) < £(Q) in the sum above, we get 

(75) dist BQf (u x ,pla x QI ) < £ »,(C 1 R)l(QT +1 + ^*£ d) l{Q) n+1 . 

ReV:DcRCC\Q> ^ ' 

To estimate the second term on the right hand side of (72), notice that p x a = a because 
P x \l x d = Id. Hence, as in (73), 

dist BQ ,(pf(T%,,CT) = dist Bg ,(pf(7§,,pjf<7) < dist BciQ , (o§,, a) 

< dist BciQl {Ul^ni Ql ) + dist BciQf (Hl Q „Hl D ) + d\st BciQf (Hl D ,Hl h ) 

<dist(x,L Q/ )e(Q) n + di S t BciQ xni QI ,n n LD ) + dist(x,L D )e(Q) n . 

The term dist^^, , , can ' 3e estimated using the intermediate ^u-cubes between 

D and CiQ' (similarly to (75)), and we obtain 

dist BciQ (H n LQ ,H n LD ) < Y, a fJ ,(C 1 R)£(Q) n+1 . 

ReV: DcRcCiQ 

Thus, by (74) and since £(D) < £(Q), 

dist BQ ,(pf^„a) < Y MCiR)m n+1 + diSt fm) D) e ^ n+1 - 
Rev-.DcRcdQ' ^ ' 

Then, (69) follows by plugging this last inequality and (75) in (72) combined with (70), and 
recalling that £(Q) « £(Q'). Thus we are done with Lemma 5.19(6). 

□ 

Proof of Lemma 5.19(c). Given Q G J\ n Tr, using (59) we have 

R'eV:RcR',e(R')<e(D) 

for all R G V with £(i?) = £(Q) and such that R n (p :E )" 1 (suppV' s +Q) / for all s £ Q° J{Q y 
By assuming 6* small enough, we are going to show that for some Qq(x,Q) 6 £> as in the 
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statement (c) and all s G Qj(q) we have 

(76) \K shxh < ( y: a ^ + ^w^Vqt 12 

\Bi:n-n,.rPrr l .n \ ' / 



As before, Lemma 5.19(c) will follow by averaging over s G Qjyq)j and noting that 
||m se go (Aq s h x )\\2 < Tn se QO \\Aq s h x \\2 by Minkowski's integral inequality. 

Take Q € Ji D Tr. Let C2 be some big constant which will be fixed later on, and let 
Qo G V be a minimal //-cube such that C2Q0 contains supp/i n (p x ) -1 (suppV> s +Q H Lfj) for 
all s G J(Q). We can assume that Qo C C2-D if C2 is big enough and, by (59), we may 
also suppose that Y^Rev- Q cRcC 2 D a n(C2R) is small enough. Hence, if Lq is a minimizing 
n-plane for Poo,^(C2Qo), the angle between Lq and L X D is also small enough, since it is 
bounded by J2 ReV . Q cRcC 2 D a ^(^iR) (see [To4, Lemma 5.2] for a related argument). It is 
not hard to show that then 

(77) diam(r n (^^(Q D Lf,)) <^(Q). 

Let Lq and <tq := cq^H,\ be a minimizing n-plane and measure for ol^CzQo), respec- 
tively. Fix zq G Lq n Bc 2 Q and let L r be an n-plane parallel to L X D which contains zq . 
Finally, define the measures a r := CQ / H 1 l r and a' := cqqT-L^- 

Since a' is a multiple of W^x , similarly to (70) and using the triangle inequality, 

||Ag s / i:c || 2 ^Q)"/ 2 + 1 <di S t BQ (^,a') 

< dist BQ (^,pf<TQ ) + distB Q (pfcjQ () ,pfcj r ) + dist BQ (pf o>, a), 

where we have set Bq := B(zq,3£(Q)) C M. d (for these computations, we may also assume 
that £(Q) is small enough in comparison with 1(D)). 
Arguing as in (73), if C2 is big enough, we have 

(79) dist BQ (y x , p x a Qo ) = dist BQ (pfti,P$(7Q ) ^ a^(C 2 QoMQ) n+1 , 
and 

dist BQ (p x a Qo ,p x a r ) < dist Bc2Qo ((TQ ,a r ) < dist n (L Qo D B C2 q , L r D B C2 Q )£(Q) n ■ 

Let 7 be the angle between L r and Lq (which is the same as the one between and Lq ). 
Since z Qo G L Qo n L r n 5c 2 Qo; we have dist w (L Qo n B C2 Q ,L r n £c 2 Q ) < sin(7)£(Q), and 
it is not difficult to show that sin(7) < YlRev-Q cRcC 2 D a /j.(^2R)- Thus, 

(80 ) dist BQ (pfa Qo ,pfa r )< Yl a lx (C 2 R)l(Q) n+1 . 

ReV:Q cRcC 2 D 

Let us estimate the last term on the right hand side of (78). Since cq < 1, we have 
distB Q (p x CTr, cr') < dist^g (p x 'H 1 l r , ). Let h be a 1-Lipschitz function supported in Bq 
and such that Set d := dist(zQ , L X D ). Since Q G Ji C J and < C£(D), if C is small 
enough then dist(x, Bq) > 1(D). Without loss of generality, we may assume that x = and 
that L X D = W 1 x {0} fl! - n , so L r = z Qo + R n x {0}°^ n . Thus, if we set z' Qq := (z^ 1 , . . . , zg o ), 
we have that <i = \z'q o | and p z restricted to L r n -Bq can be written in the following manner: 
p x :y = (y l ,...,y n ,z' Qo ) i-> (F(y 1 , . . . , y n ), 0), where F : R n \ {0} n -»• M n is defined by 
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Therefore, / hd{p\Ul r ) = f hop* dH n Lr = f Rn (hop*)(y, z' Qq ) dy = / R „ h(F (y) , 0) dy , and we 
also have f hdli^ = f Rn h((y,0))dy = f Rn h(F(y),0)J(F)(y)dy by a change of variables, 
where J(F) denotes the Jacobian of F. Hence 



(81) 



hd{p\ni r -n\ 



\h(F(y),0)\\l-J(F)(y)\dy. 



Notice that, because of the assumptions on supp/i(i ? (-), 0) and since zq G Bq 2 q and Qq C 
C 2 D, we have d < |y| for all y G suppft,(i ? (-), 0). If Fi denotes the i'th coordinate of 
F, it is straightforward to check that d y jFi(y) = — d 2 y l y J |y| _3 (|y| 2 + d 2 )" 1 / 2 if i 7^ j and 
dyiFi(y) = (1 + d 2 /\y\ 2 ) 1 / 2 - d 2 (y i ) 2 \y\- 3 (\y\ 2 + d 2 )- 1 ' 2 . Thus, we easily obtain 

(82) \l-J(F)(y)\<d/\y\<d/e(D) 

for all y G supp/i(F(-), 0). Since diam(supp/i(F(-), 0)) < £(Q) and h((F(-),0)) is Lip- 
schitz, using (82) and taking the supremum in (81) over all such functions h, we have 
dist BQ (p%Hl r ,Hl* D ) < £{Q) n+1 d/£(D). Finally, by [To4, Remark 5.3] and since z Qo G L Qo , 

d<dist(z Qo ,L D ) + dist(L D ,L x D )< a»(C 2 R)£{R) + dist(x,L D ), 

ReV:Q cRcC 2 D 



and thus 

(83) dist BQ (pim r ,n n Lh ) < Yl ^{c 2 r)i(qt +i + dlst /^f d) m n+1 - 

ReV:Q cR(lC2D ^ ' 

Finally, (76) follows by applying (79), (80), and (83) to (78), which yields Lemma 5.19(c). 

□ 

Proof of Lemma 5.19(d). This is the key point where taking averages of dyadic lattices 
with respect to the parameter s is necessary. Given Q G J\ n Stp, we have to show that 
||m se go (Aq s h x )\\i < £(Q) n . Unlike in (a), . . . , (c), the estimate in (d) does not hold for 

a particular choice of s in general but, as we will see, it holds in average. Recall that, for a 
fixed s G Q° J{Q) , 

ReV-.RcQ 

E Xs+Q^ R:S h x - Yj Xs+Q&R tS h x 

ReV: supp^ H nQ^0 -RGP: suppV'flnQ^O 

£{R)<e(Q) £(R)<e(Q),R<£Q 

+ E ^(-+Q) C A *,A = : ^ + ^ + m - 
We are going to estimate I s , II S , and JI/ S separately. For the case of I s , we have 

Xs+Q K = Xs+Q Y A R,s h x + Xs+Q Y A R,s h * = Xs+Q l' s + h, 

REV'S' :t(R)>i{Q) ReT>"'° : £(R)<£(Q) 

where we have set I' s := YIr^v 71 ' - £{r)>£(Q) ^Rs^x- On one hand, since Q G J\ n Stp, (59) 
holds. Thus, using that ^2r^x>: p(Rq)cR, t{R)<t{D) 0^(1012) ^ one can show that 

(84) IIx. + qMi< £(Q) n 
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(see above (77) for a related argument). On the other hand, since ||xs+Q h x \\\ < £(Q) n , it is 
known that then ||x s+ q/^||i < £(Q) n (see [Da, Part I], in particular pay attention to the last 
sum in equation (46) of Part I). Combining these estimates, we conclude that ||/ s ||i < £(Q) n . 
Let us now deal with II S . First of all, split II S into different scales, that is 

R&V:su V pi> R r\Q^% k>J(Q) R&V: suppi/'flOQ^ 

t(R)<l(Q),R(£Q i{R)=2- k ,R<£Q 

Observe that if k > J(Q), supp^ij n Q ^ 0, £{R) = 2' k , and R (£ Q, then s + R C 
U C2 -k(s + dQ), where C > 1 is some fixed constant and U C2 -k(s + dQ) := {z G L X D : 
dist(z, s + dQ) < C2~ k }. Hence, using Definition 5.15(e) and the definition of h Xl we get 

ii// s iii< Yl E ii A i s ^iii< E "x(t^2-*(s+aQ)). 

k>J(Q) ReV:supptp R nQ^d k>J(Q) 
l{R)=2- k ,R<£Q 

The case of iTis can be dealt with very similar techniques, and then one obtains the same 
estimate. Therefore, 

IKeQ« {Q) (AQ jS Mlli = IKeQ0 {q) ( / s + // s + /// s)lli < m seQ o (Q) \\I s + II S + IIIsW! 

<KQr + m seQ o( £ MUc2-*{s + 9Q)))- 

V fc>J(Q) ' 

Using Fubini's theorem, it is not difficult to show that 

m seQ o {Q v x {U C2 - k {s + dQ))) < 2-H{Qy l u x (CQ) 

for all for k > J{Q) (see [To2, Lemma 7.5] for example, for a related argument). Since 
Q G Stp, then (59) holds and then, as in (84), we have v x {CQ) < £(Q) n , thus 



seQ° J(Q) ( E MU C 2->(s + dQ))) <W) n - 



k>J(Q) 

If we combine this last estimate with (85), we are done. □ 



5.3.6. Final estimates. From Lemmas 5.3, 5.9, and 5.13, we obtain the following: 

2 

dfj,(x) 

SeTrs DeS J u meS D (x) 1 ReV(D) QeTr(R) 



EE/ E i E E * (a q /v)( 
+ EE/ E E E (tfx&.x * (a /)m)(* 

SeTrs DeS JD m^S D (x) RgV(D) QeStp(R) 

+ E E / E E (Kxz +1 *«f)xR^(x 



2 

dfi(x) 



SeTrsDeS J ^ m&S D {x) R&V{D) 
Combining this estimate with (38), we deduce 



L2( M )- 



EE/ E K«: +1 *(^))w| 2 ^)<ii/iiW). 
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Finally, using (33) and (34), we conclude that 

ll(v P 5 or^n| 2(M) < £ / £ |(^: +1 *(/^)(x)| 2 ^)<ll/ll| 2(M) - 

This finishes the proof of Theorem 5.1. 

6. If V p o TV 3, : L 2 (u) ->■ L 2 («) is a bounded operator, 

THEN fi IS A UNIFORMLY n-RECTIFIABLE MEASURE 

Let C M > be the AD regularity constant of an AD regular measure fi, that is C~ x r n < 
fi(B(x,r)) < CpT n for all x £ suppu and < r < diam(suppu). For simplicity of notation, 
we may assume that diam(suppu) = oo (the general case follows with minor modifications 
in our arguments). As before, we denote by V the dyadic lattice of u-cubes introduced in 
Subsection 2.3. 

In this section, we set K(x) = x|x|~ ra_1 for x ^ 0. Recall that, given e > 0, a Borel 
measure u, and / £ L 1 (n), we have set TV 1 f := {Ref} e >o, where 

R?f(x) = [ K(x-y)f(y)d^y). 
J\x-y\>e 

In order to prove the main theorem of this section, namely Theorem 6.8, we need first to 
introduce some notation and state some preliminary results. 

Definition 6.1 (Special truncation of the Riesz transform). For e > 0, let (p e be as in 
Definition 2.1. Given m e Z and a Borel measure fi in M. d , we set 

S m fi(x) := J (<p 2 - m -i(x - y) - if 2 -m{x - y))K{x - y)dfx(y). 

Lemma 6.2 (Lemma 5.8 of [DS1]). Given Q £ V, there exist n+1 points xq, . . . , x n in Q 
(and thus in suppuj such that dist(xj, Lj-i) > C£(Q), where Lk denotes the k-plane passing 
through xq,...,x^, and where C depends only on n and C M . 

Lemma 6.3 (Lemma 7.4 and Remark 7.5 of [To4]). Let Q £ D and xq, . . . , x n £ Q be like in 
Lemma 6.2. Denote r = diam(Q), and let m,p £ Z be such that t > s > 4r for t = 2~ p and 
s = 2~ m . Suppose that A(x , 2' m - 1 / 2 , 2- m+l l 2 ) n suppu / 0. Then any point x n+1 £ 3Q 
satisfies 

n+1 m 2 

(86) dist(x n+ i,L ) < s ^ ^ \S k fi{xj) - S k fi(x )\ + — + — , 

j=l k=p 

where Lq is the n-plane passing through xq, . . . , x n . 

The following proposition is a direct consequence of the techniques used in the last section 
of [To4]. We give the proof for completeness. 

Proposition 6.4. Given eo > 0, there exist So > and mo,ko £ N depending on eq, n, and 
C M such that, for all i £ Z and all Q £ T>i with Pi >fl (Q) > eo, there exist k £ Z with \k\ < 
and P £ V i+ k +rno such that P C 4Q and \Si + kn(x)\ > 5o for all x £ P. 

Proof. Fix eo > 0. Let Q £ T>i such that /3i jM (Q) > eo- Take points xq, . . . , x n in Q as in 
Lemma 6.2, denote r = diamQ, and let m £ Z to be fixed below such that 4r < 2~ m =: s 
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and A(x , 2-™- 1 /2 ) 2 - m +V2) n supp/U ^ ( we 

assume diam(supp^) = oo). By Lemma 6.3, 
for t := 2~ p > s to be fixed below and all x n+ \ G 3Q, 

n+l m 2 

dist(x„+i,L ) < s^2^2\S k fi(xj) - 5 fe /x(x )| + — + — 
j=i k=p 

m n+l 2 
k=p j=0 

Then, by integrating on x n+ \ G 3Q, for some constant C\ > depending only on n and C M 
. o fr> \ 1 f dist(x n+ i,L ) 

e ° < ^ w / 3Q — w — Mxn+i) 

^ Cl E {j^f l \ S ^( X n+l)\ dfl(x n+l ) + l^(^')l) + ^ + |) • 



Thus, 



EQ '^ +l)l ^ +1 ) + Ei^)i). 



r(^o__r_£\ < S^f f \SkH(x n +i)\ 
s V Ci s / / • — ' \ / ■>,) 



We can easily choose s and i big enough (depending on r, eo, and C±) such that, for some 
constant t\ > depending only on eo, n and C u , 

(87) 0<^i<E(/ ^^^ + i) + ElM^)l). 

fc=p v^3Q nv; i=0 / 

Notice that, since t = 2~ p and s = 2~ m where chosen depending on r ~ 2~% the sum on the 
right hand side of (87) has a finite number of terms which only depends on eo, n and C^. 
Therefore, there exists fco G N and C2 > depending only on eo, n and C u such that, for 
some negative integer k with |fc| < fc and some j = 0, . . . , n, 



which implies that there exists C3 (depending on C2) and z G 3Q such that t\ < C^\Si + k^{z) 
Given x G supp/u, if \x — z\ < 2-' l - k , then 



\S i+k fj,(x) - S i+k fj,(z)\ < / ||V(^ +feJ FC)||oo|a; - z\ dfi(y) 

J\y-z\<2- i - k 

< 2 {i+k ^ n+l ^ \x-z\ [ dn{y) < 2 i+k 



'\y-A<2- 

Henceif \x— z\ < Ci l 2~ % ~ k with C4 > small enough, we have Cz\Si +k n{x)—Si +k n{z)\ < ei/2, 
so ei/2 < Cz\Si +k iJL{x)\. Therefore, there exist mo G N depending on C4 (and thus on eo, 
n, and C M ) and P G V i+k+mo such that ei/2 < C3\Si +k fx(x)\ for all x G P. We can also 
assume that P C 4Q by taking C4 small enough, and since |fc| < ko we have £(P) « ^(Q). 
The proposition follows by setting <5o := €1/(263) > 0. □ 

Definition 6.5. Given eo > 0, Ze£ <5o,mo > 6e as in Proposition 6.4- Set 

B:={QGV : fa >lt (Q) > e }, B := \J{Q G P fc+m() : \S kf i(x)\ > 5 for all x G Q}. 

feez 
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Given P,R€V with P C R, we set Fp = Y. Qe g : PcQc rXQ and F R = Y. Qe g:Q CR XQ- 
Lemma 6.6. Let p > 0. Assume that there exists Co > such that, for all R G V, 

(88) / {F R ) 2/p ol^< Con(R). 

Jr 

Then, there exists C > such that Y^q^b- q c r ^(Q) — Cfi(R) for all R G V. 

Proof. Let M > 1 big enough (it will be fixed below). For set 

Tree(P) := {Q G B : Q C R, XQ F* < M XQ }, 

Top (P) := {P G B : P C R, XP F^ > M X p, and XQ F§ < M XQ 

for all Q <E B such that PCQcfi}. 

For m > 1, setJop m (i?) := Up eT o Pm _ l( P) Top (P), and Top(i?) := U m >o To P m (^)- 
Notice that if i? G B then P G Tree(P), because M > 1. Notice also that 

(89) {Q G B : Q C P} = Tree(P) U (Up eT o P (R)Tree(P)) , 

and the union is disjoint. 
Fix R G V. Then, by (89), 

E mq)= E E E mo) 

QeB.QcR QeTrcc(P) PeTop(P) QeTree(P) 

(90) 

= / E xQdp+ e E xq^- 

R QeTree(P) ^ PeTop(P) QeTrcc(P) 

Given x G P and PgD such that P C P, by the definition of Tree(P), we have 

E Xqip) < M XP (x). 

QeTrcc(P) 

Therefore, by (90), 

(91) E KQ)<Mfi(R)+ f E M X p dfi = M L(R) + e E • 

QeB:QcR jR PeTop(R) V m>0PGTop m (R) 7 

We are going to prove that, if M is big enough, 

(92) E ^ 2— M (12) 

PGTop m (P) 

for all m > 0, and then, by (91), we will finally obtain 

E M<2) < ^>(P) + M E 2 _m /x(P) < 3iW>(P), 

Q£&:QCR 

and the lemma will be proven. 

Notice that, if P,P' G Top (P) are different, then PnP' = because of the last condition 
in the definition of Top (P). So, to verify (92), it is enough to show that, for all m > 0, 

(93) E v(p)<l E tin 

PeTo Pm+1 (P) PeTo Pm (R) 
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We have 

(94) E ^ p )= E E mo 

PeTop m+1 (R) PeTop m (R) QGTop (P) 

and Y.QeTo Po (P) XQ = Xu, where U := {Jq £ To Po (p)Q c P - If x G f/ ' there exists <9 e 
Top (P) such that x G Q, so 1 = X q(z) < M-Vp(F%(x)) 2/p < M~ 2 / P (F p (x)) 2/ p , and then 
using (88) we have 



^ KQ) = J p E X Q dp = \^dp< M~ 2 l p j p (F p f p dp < ^ p(P), 



QeTop (P) "^QGTop (P) 



which, in combination with (94), yields (93) by taking M > (2C ) p/2 . □ 

Lemma 6.7. Assume that, for some C\ > 0, J2q^b- q c r^(Q) — ^lM-^) f or a ^ R ^1). 
Then there exists C2 > such that X^QeB- QgR f^iQ) — ^2p(R) for all R G V. 

Proof. Given Q 6 B, by Proposition 6.4, there exists Pq G £>fc+ mo for some k G Z such that 
Pq C 4Q, h(Pq) > Cqh(Q), and ^//(x)! > <5o for all x G Pq, where Co > is some small 
constant. Thus, in particular, Pq G B for all Q G £>. Since Pq C 4C" and //(Pq) > Cop(Q) 
for all Q G £>, given P £ B there are finitely many //-cubes Q £ B such that Pq = P, and 
the number of such //-cubes is bounded above by a constant depending only on n, Co, and 
C p . Hence, since 4P is contained in the union of a bounded number of //-cubes with side 
length i{R), 

E MQ)^- 1 E ^ p q)^ E f*(P)<Cin(R) 

QeB-.QcR QeB-.QcR PeB: PC4R 

for all R G P, as wished. □ 

Theorem 6.8. Let p > 0. Given an n-dimensional AD regular measure p, i/ V p o 7£ M is a 
bounded operator in L 2 (p), then p is uniformly n-rectifiable. 

Proof. It is easy to see that, if V p o W 1 is a bounded operator in L 2 (p), then P* is also 
bounded in L 2 (p). By Theorem 1.2 in [DS2, Part III, Chapter 1], in order to show that p 
is uniformly n-rectifiable, it is enough to show that p satisfies the Weak Geometric Lemma, 
i.e., that for any €0 > 0, the set B is a Carleson set. In other words, it suffices to show that 
there exists a constant C > depending on eo such that YIq^b-QcR^Q) — Cp(R) for all 
R G V. By Lemma 6.7 and Lemma 6.6, this holds if, for some p > 0, there exists C > 
depending on eo such that, for all i?6P, 

(95) / (F R ) 2/p dp < Cp(R). 

Jr 

Notice that, for m G Z and / G L 1 ^), S m (f ' p) = T$ 2 _ m _ x f - T$ 2 _ m f, where S m is 
introduced in Definition 6.1 and T$ t is as in Definition 2.1 (remember that now K denotes 
the Riesz kernel), thus 

(96) "£\S k (fp)(x)\f> < ((V p oT£)f(x)) P . 

feez 

We may assume that p > 1, since (V p o TZ^)f(x) < (V p o TZ /x )f(x) for p > p, and then the 
L 2 (//) boundedness of V p o W 1 for some p > implies the L 2 (//) boundedness of V p o W 1 for 
all jo > p. Since (/Jjr^ 2 " 1 /; 2 ) is a convex combination of the functions X{seu-.s>e}(t) for e > 0, 
using that p > 1 and Minkowski's integral inequality, it is not hard to show that the L 2 (p) 
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boundedness of V p o W 1 implies the L 2 (/i) boundedness of V p o T$ (see Subsection 5.2, or 
[CJRW1, Lemma 2.4], for a similar argument). Therefore, for any M > 0, we have 

(97) || (V p o T£) X mr\\ 2 L 2 (p) < Cfi(MR) < Cfi(R) for all R G V. 

Fix eo > 0, let 5o,m > be as in Proposition 6.4, and let R G V. Given x G i? and 
k £ Z, for any Q G T>k +mo n B such that x £ Q C R we have |<Sfc//(x)| > <5o- Notice that, 
since Q G P fc+ mo and Q C R, there exists M > 1 depending only on n and mo such that 

< | S'fcyLt (;c) | = \Sk{xMR^){x)\. Therefore, using (96) and that for each k G Z there is at 
most one /U-cube Q G Pfc +mo such that x £ Q C R, 

^) = E E xqW<E E vi^(xM^)wr 

Qev k+mQ nl3:xeQcR 



(98) 



Qev k+mo nB:xeQcR 



< 5o P Y,\ S ^mr»)(x)\ p < S p ((V p oT^)xmr(x)Y 



and then, by (97), 

f (F R ) 2 /?d»<6o 2 [ {{VpoT^XMRfd^KS^iVpoT^XMR^^C^R) 



IR JR 
for all R G D. This yields (95), and the theorem follows. 



□ 



Remark 6.9. Let {r m } me z C (0, oo) be a fixed decreasing sequence defining O. If there 
exists C > such that C _1 r m < r m — r m+ i < Cr m for all m G Z, then the last inequality in 
(98) still holds if we replace Vp by O (by taking from the beginning p = 2). Hence, Theorem 
6.8 still holds replacing V p by O for this particular sequence {r m } me z- However, we do not 
know if it holds for any {r m } me z C (0,oo). 
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